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Term Indexing 18551. Introdu
tion1.1. MotivationFirst-order terms 
onstitute the basi
 representational unit of information in severaldis
iplines of 
omputer s
ien
e su
h as automated dedu
tion, term rewriting, sym-boli
 
omputing, and logi
 and fun
tional programming. Computation is done byoperations germane to manipulating terms su
h as uni�
ation, pattern mat
hing,and subsumption. Often these operations are performed on 
olle
tions of terms.For instan
e, in logi
 programming, dedu
tive databases, and theorem-proving bymodel elimination we need to sele
t all 
andidate 
lause-heads in the program thatunify with a given goal. In automated dedu
tion, term rewriting and fun
tional pro-gramming, the sele
tion 
riteria may be based on uni�ability (e.g., in resolution),mat
hing (e.g., in normalization) or subsumption. Su
h retrieval of 
andidate termsthat bear a spe
i�
 relationship to a given query term (or set of query terms) isa 
entral operation in automated theorem provers, dedu
tive databases, and logi
and fun
tional programming systems. In the absen
e of te
hniques for speedingup the retrieval of 
andidate terms, the time spent in identifying 
andidates mayovershadow the time spent in performing other useful 
omputation. The problemis espe
ially important in 
ontexts where the data sets get large and/or keep grow-ing, as in automated theorem provers and dedu
tive databases. Clearly, a naiveapproa
h based on linear sear
h through the set of terms degrades very qui
klywhen large data sets are involved. It is fast enough to start with, but as the termset grows, more and more time is spent in the sear
h for suitable 
andidates. Thisleads to a rapid and monotoni
 drop in performan
e of the system, as pointed outby Wos [1992℄:\After a few CPU minutes of use, a reasoning program typi
ally makes dedu
tionsat less than 1% of its ability at the beginning of a run."This fa
tor has led to a lot of resear
h interest in term indexing te
hniques, whi
hrefers broadly to te
hniques for the design and implementation of stru
tures thatfa
ilitate rapid retrieval of a set of 
andidate terms satisfying some property (su
has generalizations, instan
es, uni�ability, et
.) from a large 
olle
tion of terms.Use of term indexing te
hniques have resulted in dramati
 speed improvements,ranging from one to several orders of magnitude, in all major theorem provers,in
luding (in the alphabeti
al order) Bliksem [de Nivelle 2000℄, E [S
hulz 1999℄,Fiesta [Nieuwenhuis, Rivero and Vallejo 1997℄, Gandalf [Tammet 1997℄, Otter[M
Cune 1994a, M
Cune and Wos 1997℄, Setheo [Moser, Ibens, Letz, Steinba
h,Goller, S
humann and Mayr 1997℄, Snark [Sti
kel, Waldinger, Lowry, Pressburgerand Underwood 1994, Sti
kel, Waldinger and Chaudhry 2000℄, Spass [Weidenba
h,Gaede and Ro
k 1996℄, Vampire [Riazanov and Voronkov 1999℄, and Waldmeis-ter [Hillenbrand, Bu
h, Vogt and L�o
hner 1997℄. Term indexing te
hniques enabletheorem provers to 
ontinue performing dedu
tions at a steady pa
e, as opposed tothe rapid degradation observed in the absen
e of term indexing. For instan
e, Wos[1992℄ observed that \. . .Otter makes dedu
tions at the rate of 550 per se
ond inthe �rst few se
onds, and at the rate of 460 per se
ond after 19 CPU hours . . . ".



1856 R. Sekar, I.V. Ramakrishnan, and A. VoronkovHiper runs 20 to 30 times faster on small and moderate sized problems, with theasymptoti
 speedup approa
hing in�nity [Christian 1993℄. The bene�ts are less dra-mati
 in fun
tional and logi
 programming, but nevertheless very signi�
ant | useof indexing leads to typi
al improvements in speeds of su
h programs by between20% to 200%. E�e
tive term indexing te
hniques have hen
e be
ome an integral
omponent of high-performan
e de
larative programming and automated reasoningsystems.Sin
e the early results demonstrating the e�e
tiveness of indexing te
hniques,resear
h into term indexing has a
quired major momentum. In parti
ular a varietyof new te
hniques were invented and implemented for term indexing. One reasonfor developing so many te
hniques is that the 
onditions under whi
h terms areretrieved di�er for di�erent operations. For instan
e in pattern mat
hing we haveto retrieve terms that are generalizations of an input term, whereas for generating
riti
al pairs we retrieve terms that unify with the input term. In addition, indexingalgorithms tend to exhibit tradeo�s in retrieval speed and spa
e usage. Thus no oneindexing te
hnique 
an 
ater to all appli
ations.This paper presents a survey of the main indexing te
hniques that have beendeveloped in the past. We formulate these te
hniques within a uniform frameworkthat makes it easier to understand the advantages, disadvantages and trade-o�s indeveloping and using term indexing.1.2. Formulation of the term indexing problemThe problem of term indexing 
an be formulated abstra
tly as follows. Given aset L (
alled the set of indexed terms), a binary relation R over terms (
alled theretrieval 
ondition) and a term t (
alled the query term), identify the subset M ofL 
onsisting of all of the terms l su
h that R(l; t) holds. If R(l; t) holds, we say thatl is R-
ompatible with t, or simply 
ompatible when R is 
lear from the 
ontext.In some appli
ations it is enough to sear
h for a superset ofM, i.e., to also retrieveterms l for whi
h R(l; t) does not hold, but we would naturally like to minimize thenumber of su
h terms in order to in
rease the e�e
tiveness of indexing. In otherappli
ations, it is a

eptable to retrieve only some R-
ompatible indexed terms, i.e.,a subset of M. If the set of the retrieved terms is guaranteed to 
oin
ide with theset of R-
ompatible terms, then the indexing te
hnique is said to perform perfe
t�ltering . Otherwise, indexing performs imperfe
t �ltering .In the 
ontext of term indexing, it is usually the 
ase that the relation R ofinterest is su
h that R(s; t) holds if there exists substitutions � and � su
h thats� = t�, and furthermore, these substitutions satisfy 
ertain additional 
onstraints.For instan
e, if � and � are 
onstrained to be renaming substitutions, the relationR(s; t) simply be
omes a variant 
he
k. Likewise, if � is 
onstrained to be theempty substitution, the relation R(s; t) be
omes an instan
e 
he
k. In addition toidentifying R-
ompatible terms, we sometimes need to 
ompute the substitutions� and � as well.The prin
ipal parameters asso
iated with term indexing are:



Term Indexing 1857� Retrieval 
ondition, expressed by the relation R that determines the subsetMof the indexed terms that need to be identi�ed. The most 
ommon examplesof retrieval 
ondition are uni�
ation, mat
hing, subsumption, et
.� Retrieval mode, whi
h determines whether the entire set M is returned, orwhether the elements of this set are returned one at a time. In some 
ases weare only interested in nonemptiness of the 
andidate set.1.3. Early resear
h in indexingTraditional notions of indexing. In very general terms, indexing refers to the abilityto qui
kly �lter out a set of 
andidate elements that satisfy spe
i�
 
riteria froma (typi
ally) large data set. One of the oldest examples in
lude 
ard indexes inlibraries, where the data set 
onsists of all the books in the library, and the sele
tion
riteria may be based on author names, titles or keywords. Another example is thatof indexes in books, where the data set in
ludes all the pages in the book, and thesele
tion 
riteria is based on the appearan
e of keywords in a page. A more formaltreatment of indexing was developed in the 
ontext of databases, where the dataset 
onsisted of all the re
ords in the database, and the sele
tion 
riteria were basedon the values of one or more of the �elds in the re
ord.This paper deals with the same general problem as 
aptured by the above ex-amples, but in the 
ontext of automated reasoning, de
larative programming anddedu
tive databases. In these 
ontexts, the prin
ipal data of interest are �rst-orderterms , whi
h are mu
h more expressive and 
omplex as 
ompared to the simpledata values that arise in text indexing or databases. Whereas sele
tion 
riteria aretraditionally based on single attributes (i.e., retrieval of all re
ords that have thespe
i�ed value of an attribute), for terms, it is based on 
omplex operations su
h asuni�
ation and mat
hing on these terms. In addition, these operations may have tobe performed in the 
ontext of an equational theory, the most 
ommon su
h theoryarising in the 
ontext of AC symbols. Finally, we may be interested in multitermindexing problems dis
ussed later.Attribute-based indexing. In attribute-based indexing , we map some features of aterm t into a simple-valued (say, integer-valued) attribute at. Indexing is then basedon identifying a relation RA on attributes of t and s su
h that R(s; t)) RA(as; at)(or RA(as; at) ) R(s; t)). For instan
e, if the retrieval relation is inst , then theattribute 
an be the number of fun
tion symbols in a term. (Observe that if t is aninstan
e of s then the number of fun
tion symbols in t is greater than or equal tothat of s.) We 
onsider several examples of attribute-based indexing below:� Mat
hing pretest makes use of the fa
t that for a term t to be an instan
e of l,the number of symbols in t is greater than or equal to the number of symbolsin l.� Outline indexing makes use of the fa
t that t and l are uni�able only if theyagree at all nonvariable positions. It employs a bit-ve
tor to en
ode the nonva-riable positions and the 
orresponding symbols [Hens
hen and Naqvi 1981℄.



1858 R. Sekar, I.V. Ramakrishnan, and A. Voronkov� Superimposed 
odewords : the attribute is obtained by logi
al-or operations onthe bit representations of fun
tion symbols at spe
i�ed positions within a term[Wise and Powers 1984, Ramamohanarao and Shepherd 1986℄Attribute-based indexing is based on the assumption that a relation involvingsimple-valued attributes is mu
h easier to 
ompute than performing term mat
h-ing or uni�
ation. Thus, it 
an be used as a 
oarse �lter for the likely 
andidates.However, it has several disadvantages. Firstly, the a

ura
y of attribute-based in-dexing is typi
ally low. Se
ond, if the index set is large, the 
oarse �lter, while animprovement over the naive approa
h of mat
hing or unifying with every term inthe indexed set, may still be ineÆ
ient as it may involve 
he
king the relation RAfor ea
h term in the set.1 Due to these disadvantages, we will fo
us on symbol-basedindexing (de�ned below) for the rest of this paper.Fun
tion symbol based indexing. The retrieval 
ondition is typi
ally based on iden-ti�
ation of a unifying substitution between the query and indexed terms, withvarious 
onstraints pla
ed on the substitutions. Thus, the question of whether theretrieval 
ondition holds between the query term and an indexed term is determinedby the fun
tion symbols in both these terms. For instan
e, in every position whereboth the query term and 
andidate term 
ontain a fun
tion symbol, these symbolsmust be identi
al. Therefore we 
an make use of some or all of the fun
tion sym-bols in the indexed terms in determining the 
andidate terms. Most known termindexing te
hniques are based on this observation, and we refer to su
h te
hniquesbroadly as fun
tion symbol based indexing , or simply as symbol-based indexing . Therest of this paper presents a survey of some of the most important symbol-basedindexing te
hniques.1.4. Overview of organizationThis paper is organized into �ve parts.1. In Se
tion 2, we provide the requisite ba
kground, in
luding notations and def-initions. We formulate the term indexing problem and its 
ontext. In Se
tion 3we outline the basi
 representation and implementation te
hniques related toterms and indexing.2. In Se
tion 4 we show how term indexing 
an be formulated in terms of stringmat
hing. The 
ommon framework enables us to understand many indexingmethods as instan
es of the generi
 framework. The framework also makes iteasier to 
ompare and 
ontrast known approa
hes. Most importantly, the frame-work distills out essential 
hara
teristi
s of di�erent te
hniques as elaboratedin Se
tion 16.1It would be desirable to 
hoose attributes and the relation on the attribute su
h that the
andidate terms 
an be identi�ed qui
kly, without having to try all of terms in the indexed set.For instan
e, in the 
ase of the inst relation, we 
an store the index set as an array (or tree) thatis sorted on the value of the size attribute. We 
an then perform a sear
h in O(log n) time toidentify all terms that are larger than the query term.



Term Indexing 18593. The third part of this paper presents a survey of many indexing te
hniques: pathindexing (Se
tion 5), dis
rimination trees (Se
tion 6), adaptive automata (Se
-tion 7), automata-driven indexing (Se
tion 8), substitution trees (Se
tion 10),uni�
ation fa
toring (Se
tion 12), 
ode trees (Se
tion 9), and 
ontext trees (Se
-tion 11). To keep this part down to a reasonable size, not all known methodsare surveyed. Instead, we have made an e�ort to 
apture diverse methods. Par-ti
ular emphasis have been given to works that provide a formal treatment ofspa
e/time 
omplexity and optimality.4. The fourth part of this paper treats some advan
ed indexing te
hniques: multi-term indexing (Se
tion 13), issues in perfe
t �ltering (Se
tion 14), and indexingmodulo the AC-theory (Se
tion 15).5. The �fth (and the last) part of this paper summarizes the indexing te
hniques
onsidered so far, dis
usses implementations of indexing in logi
 and fun
tionalprogramming, and also in theorem provers, and dis
usses new dire
tions forterm indexing. In Se
tion 16, we summarize the indexing te
hniques 
onsideredso far by providing a list of \basi
 elements" of term indexing te
hniques. Manyof these elements are in fa
t based on 
on
epts well known in string-mat
hingautomata. The 
ommon framework developed in Se
tion 4 enables us to liftthese 
on
epts from the domain of string mat
hing to the domain of term-indexing. We des
ribe ea
h of these elements and the issues and trade-o�s inemploying them in indexing methods. We also provide a summary of how theseelements have been 
ombined in indexing methods proposed so far. In Se
tion 17we brie
y des
ribe indexing as implemented in some de
larative programmingsystems and theorem provers. In Se
tion 18 we sket
h possible new dire
tionsfor indexing.2. Ba
kground2.1. Notations and de�nitionsWe begin this se
tion with the notations and 
on
epts used in the rest of this paper.We assume familiarity with the basi
 
on
ept of a term. The symbols in a term aredrawn from a nonempty alphabet � and a 
ountable set of variables V . A term isground if it 
ontains no o

urren
es of variables. With ea
h symbol s in the alphabetis asso
iated a nonnegative integer, 
alled the arity of s, denoted arity(s). Weassume that the terms are well-formed, i.e., every symbol in the term has the 
orre
tnumber of arguments, as given by the arity of the symbol. We will use a; b; 
; dand f to denote nonvariable symbols (whi
h are sometimes referred to as fun
tionsymbols) and x; y; z (with or without subs
ripts and primes) to denote variables.We also denote variables using a wild
ard symbol �, with or without subs
ripts. Thesymbol � written without subs
ripts will have two uses, depending on 
ontext. Insome 
ontexts it means an o

urren
e of a unique variable. For example, f(x; x; �; �)denotes any term of the form f(x; x; y; z), where y; z are distin
t variables di�erentfrom x. In other 
ontexts it will be used as a wild
ard symbol denoting any variable.



1860 R. Sekar, I.V. Ramakrishnan, and A. Voronkovroot(t) denotes the top symbol of t, i.e., the symbol appearing at the root of a termt. We will also (somewhat ambiguously) use the wild
ard ? in terms. This wild
ardwill always denote a term whose top symbol is di�erent from a 
ertain set of fun
tionsymbols, depending on the 
ontext. In some se
tions, the symbol 6= is used as awild
ard symbol.In order to refer to subterms of a term, we develop the following 
on
ept of aposition2:2.1. Definition (Position). A position is either the empty string �, or p:i, wherep is a position and i an integer. The notions of a position in a term and the subtermof t at a position p, denoted t=p, are de�ned as follows.� � is a position in t and t=� = t;� If t=p = f(t1; : : : ; tn), where n > 0, then p:1; : : : ; p:n are positions in t andt=p:i = ti, for all i 2 f1; : : : ; ng.Instead of �:i we will write simply i. We use P to denote the set of all positions. Thenotation P(t) denotes all the positions in a term t, and Pv(t) and Pf (t) denote thesubset of these positions at whi
h t has variables and fun
tion symbols respe
tively.The set Pv(t) is 
alled the fringe of t. We use t[s℄p to denote the term obtainedfrom t by repla
ing t=p by s.We illustrate these 
on
epts using the term t = f(a(x); b(a(y); 
)). Here, t=� = t,t=2 = b(a(y); 
), t=2:1 = a(y), and t=2:2 = 
. The term t[
℄2 = f(a(x); 
) is obtainedby repla
ing the se
ond argument of f by (the term) 
. The fringe of t is f1:1; 2:1:1g.A substitution is a mapping from variables to terms. Given a substitution �, wedenote by t� the term obtained by repla
ing every variable x in t by �(x). We saythat t is an instan
e of s if s� = t for some substitution �. If t is an instan
e of uthen we write u � t and 
all u a pre�x of t. The inverse of � relation is denoted by�.We denote by fx1 7! t1; : : : ; xn 7! tng the substitution � de�ned as follows:�(x) = ( ti; if x = xi;x; otherwise:For example, for the term t = f(a(x); b(y; z)) and the substitution � = fx 7!b(x0; x00); y 7! 
g we have t� = f(a(b(x0; x00)); b(
; z)).Terms t and s are 
alled uni�able, if there exists a substitution � su
h thats� = t�.2.2. The problem 
ontextIn this se
tion, we des
ribe the term indexing problem in the 
ontext of theoremproving, logi
 programming and dedu
tive databases, and fun
tional programming.2The terminology o

urren
e and path are sometimes used in the literature to denote the same
on
ept.



Term Indexing 18612.2.1. Theorem provingFirst-order theorem provers 
an generally be divided into two kinds. The �rst kindis the saturation-based provers that implement various kinds of resolution or theinverse method. The se
ond kind 
an be 
hara
terized as the tableau-based proversthat implement semanti
 tableaux or model elimination.Saturation-based provers. Examples are Fiesta [Nieuwenhuis et al. 1997℄, Gan-dalf [Tammet 1997℄, Otter [M
Cune 1994b℄, Spass [Weidenba
h et al. 1996℄,Vampire [Riazanov and Voronkov 1999℄, and Waldmeister [Hillenbrand et al.1997℄. Su
h provers generate new 
lauses from a given set of 
lauses using suitableinferen
e rules (binary resolution, hyperresolution, et
.) and add the new 
lauses tothe set of already inferred ones (i.e., saturate a set of 
lauses under appli
ations ofthe inferen
e rules). More information on saturation-based provers 
an be found in[Lusk 1992, M
Cune 1994b, Riazanov and Voronkov 2000℄ and [Weidenba
h 2001℄(Chapter 27 of this Handbook).In addition to inferen
e rules, saturation-based provers also use simpli�
ationrules whi
h either \simplify" 
lauses in the sear
h spa
e (i.e., repla
e them by\simpler" 
lauses) or remove them from the sear
h spa
e 
ompletely. There is avariety of retrieval 
onditions used to identify appli
ability of inferen
e or simpli�-
ation rules, in
luding instan
e, generalization, uni�ability, miltiliteral forward andba
kward subsumption, and varian
e 
he
k.To give the reader an example of the number of 
lauses pro
essed by one run, wegive �gures obtained by a 270 se
onds run of Vampire on the problem LCL-129-1.pof the PTTP library [Sut
li�e and Suttner 1998℄ using a 230MHz SPARC pro
es-sor. During the run 8,272,207 
lauses were generated, of whi
h 5,203,928 were notin
luded in the sear
h spa
e be
ause their weights ex
eeded the spe
i�ed weightlimit. Of the remaining 3,068,279 
lauses, at the end of the run 8,053 were retained,and 3,060,226 were reje
ted by forward subsumption (i.e., identi�ed as instan
esof other 
lauses in the sear
h spa
e). Even if we assume that all the runtime wasspent for 
he
king subsumption, this means that Vampire was performing, on theaverage, over 10,000 subsumption-
he
ks per se
ond, ea
h of these 
he
ks identi�esif a 
lause is an instan
e of several thousand other 
lauses in the sear
h spa
e.An example term of weight 16 (i.e., with 16 symbols) parti
ipating in the proofis t(e(e(x0; e(x1; x2)); e(e(x0; e(x3; x2)); e(x1; x3)))). Most 
lauses had weights be-tween 20 and 24, but there were some 
lauses with weights as high as 40. Doingsu
h a large number of subsumption-
he
ks per se
ond without using term indexingis hardly possible.Tableau-based provers. The most known tableau-based prover is SETHEO [Letz,S
humann, Bayerl and Bibel 1992, Moser et al. 1997℄. Su
h provers start with a setof input 
lauses, and 
onstru
t a tree-like proof obje
t, whose nodes are literals or
lauses. At ea
h step of the algorithm, one sele
ts a node in the tree and appliessome inferen
e rule that produ
es a set of 
hildren of the sele
ted node. Usually,this inferen
e rule is resolution against one of the input 
lauses, and the set of theinput 
lauses does not 
hange during the run.
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an be implemented in the same way as SLD-resolution rule is implementedin logi
 programming (as observed by Sti
kel [1988℄), be
ause every input 
lauseA1 _ : : : An 
an be regarded as n Prolog 
lauses, ea
h one of the formAi :- :A1; : : : ;:Ai�1;:Ai+1; : : : ;:An:Another 
ommonly exploited inferen
e rule is resolution against a lemma, i.e., apreviously derived literal. The set of lemmas is dynami
ally 
hanging and 
an belarge. In addition to these rules, ba
kward and forward subsumption on the set oflemmas 
an be performed.The performan
e of the tableau-based provers 
an drasti
ally improve if all themain operations (resolutions against an input 
lause and against a lemma; andsubsumption on lemmas) are implemented using term indexing.2.2.2. Logi
 programming and dedu
tive databasesIn logi
 programming languages su
h as Prolog and dedu
tive databases , a programis de�ned by a sequen
e of 
lauses . The evaluation of su
h programs may pro
eedin either a top-down fashion, similar in operation to tableau-based provers, or in abottom-up fashion, whi
h is similar to saturation-based provers.In top-down evaluation, the evaluator identi�es the substitutions whi
h unify aliteral in the goal 
lause with the heads of the program 
lauses. After this, the literalis repla
ed by the terms in the body of a unifying 
lause. Thus, the indexing problemin this 
ontext is based on uni�ability of a term with one of the 
lause heads. Whena subgoal is ground, we 
an make use of term mat
hing, whi
h is more eÆ
ientthan uni�
ation. (Groundness 
an often be dedu
ed using a pro
edure 
alled modeanalysis .) When goals are known to be ground, the indexing problem is one ofidentifying 
lause heads that are generalizations of the subgoals.Tabled logi
 programming 
ombines the goal-dire
ted nature of top-down evalu-ation with the stronger 
ompleteness properties of bottom-up evaluation. Opera-tionally, a tabled evaluator operates like a top-down evaluator, but remembers theresults of previous evaluation to eliminate repeated 
omputations involving any onesubgoal. Thus, in addition to the problem of identifying uni�able 
lause heads, weare also interested in identifying if a new subgoal has been en
ountered earlier. Inthe simplest 
ase, this may be determined by 
he
king if the new goal is a variantof a previously en
ountered subgoal. In a more general 
ase, we are interested inidentifying subgoals that are subsumed by previously evaluated subgoals.2.2.3. Fun
tional programming and term rewritingIn fun
tional programming and term rewriting , we are interested in 
omputing thenormal form of a term t with respe
t to a set of rewrite rules. Spe
i�
ally, weidentify a rewrite rule l ! r su
h that its left-hand side l is a generalization of asubterm t0 of t. We then repla
e t0 in t by the 
orresponding instan
e of r. Thispro
ess is repeated until we obtain a term t00 that 
ontains no instan
es of anyleft-hand side. Thus, one of the main indexing problem of interest here is that ofretrieving terms that are generalizations of a given term. Moreover, it is important



Term Indexing 1863to develop indexing strategies that 
an sele
t not only 
andidate left-hand sides ofrewrite rules, but also subterms within the input term where redu
tions are to beapplied.2.2.4. Summary of retrieval problemsIn summary, we are interested in the following retrieval problems:� atoms uni�able with a given atom (logi
 programming, dedu
tive databases,di�erent resolution rules);� subgoals that are variants of previously attempted subgoals (tabled logi
 pro-gramming and dedu
tive databases) [Chen and Warren 1996, Ramakrishnan1991℄, naming in splitting without ba
ktra
king [Riazanov and Voronkov 2001℄;� atoms that are instan
es of previously 
omputed atoms (tabled logi
 program-ming, dedu
tive databases [Rao, Ramakrishnan and Ramakrishnan 1996℄, for-ward subsumption and demodulation in resolution-based theorem provers);� atoms that are generalizations of previously 
omputed or stored atoms (fun
-tional programming, optimization in logi
 programming when predi
ates areknown to be 
alled with bound arguments, ba
kward subsumption and demod-ulation in resolution-based theorem provers).For some of these retrieval problems, their multiliteral analogues exists (e.g., simul-taneous uni�ability, forward and ba
kward subsumption, and the 
lause varian
eproblem). This leads to multiterm indexing dis
ussed in Se
tion 13.2.3. Term indexing operationsRetrieval of 
andidate terms. Given a query term t and the indexed set L, theretrieval operation is 
on
erned with the identi�
ation of the subset M of thoseterms in L that have the spe
i�ed relation R to t. The retrieval relation R identi�esthose terms l 2 L that need to be sele
ted. Some of the retrieval 
onditions dis
ussedabove are: unif (l; t) , 9� l� = t�;inst(l; t) , 9� l = t�;gen(l; t) , 9� l� = t;var(l; t) , 9� (l� = t ^ � is a renaming substitution):More 
omplex 
onditions spe
i�
 to indexing on multiliteral 
lauses will be intro-du
ed later.Index 
onstru
tion and maintenan
e. In order to support rapid retrieval of 
andi-date terms, we need to pro
ess the indexed set into a data stru
ture 
alled the index .Index 
onstru
tion operation is 
on
erned with the initial 
onstru
tion of this data
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ture for a given operation R and indexed set L. After the initial 
onstru
tion,we may need to make 
hanges to the indexed set via insertion or deletion of terms.Index maintenan
e operations start with an index for a set L, and in
rementally
onstru
t an index for another set L0 that is obtained by insertion or deletion ofterms in or from L.Di�erent 
hoi
es of indexing te
hniques typi
ally re
e
t a di�erent trade-o�among the 
osts for performing ea
h of the above three tasks (namely, retrieval, in-dex 
onstru
tion, and index maintenan
e). For instan
e, in the 
ontext of fun
tionaland logi
 programming, the indexed set is essentially �xed and so there are no indexmaintenan
e operations. Moreover, the index is 
onstru
ted at 
ompile-time. Thusthe indexing te
hniques are aimed at optimizing the retrieval time, possibly at theexpense of in
reasing the 
ost of index 
onstru
tion and maintenan
e. In some ofthe other appli
ations su
h as tabled logi
 programming, insertions in the indexmay be frequent, but deletions do not o

ur. In other appli
ations, su
h as auto-mated theorem proving, the indexed set is generated at runtime and/or 
hangesfrequently, so it is ne
essary to minimize the 
osts of all three tasks.2.4. Variations in term indexing operationsNonlinearity. In general, the query and indexed terms may be nonlinear , i.e., mayhave repeated o

urren
es of variables. The multiple o

urren
es may o

ur allwithin one of the two terms involved, or a single variable may o

ur in both thequery term and an indexed term. In either 
ase, it is ne
essary to 
he
k the 
onsis-ten
y among the substitutions re
eived by multiple o

urren
es of the same variable.For instan
e, 
onsider the problem of determining if the term f(t1; t2) is an instan
eof f(x; x). In this 
ase, the �rst o

urren
e of x gets t1 as its mat
hing substitution,whereas the se
ond o

urren
e of x gets t2 as the substitution. In order for f(t1; t2)to be an instan
e of f(x; x), these two substitutions for x must be 
onsistent, i.e., t1must be the same as t2. Consisten
y 
he
king is typi
ally an expensive operation,and unless treated very 
arefully, 
onsideration of nonlinearity at the indexing stage
an lead to performan
e degradation. As su
h, many te
hniques ignore nonlinearityat the indexing stage, and rely on a post-pro
essing step to 
arry out the 
onsis-ten
y 
he
ks. Other methods postpone all of the 
onsisten
y 
he
king operationsafter the less expensive operations that merely 
he
k lo
al term stru
ture. For thesereasons, we will deal mainly with linear terms towards the beginning of this paper.We will moreover assume that no variables are shared between the query term andindexed terms.Equational theories. The retrieval 
ondition may be based on an equational theoryE, e.g., whether the query term t is an instan
e of a term from L with respe
t toE, i.e., there exists a term l 2 L and a substitution � su
h that E ` l� = t. Forinstan
e, in the 
ontext of automated reasoning, we are interested in mat
hing anduni�
ation in the presen
e of asso
iative-
ommutative operators. In lazy fun
tionalprogramming, we are interested in mat
hing in the 
ontext of the equational theory



Term Indexing 1865given by the program.Priorities. In many 
ontexts, the terms in the indexed set are asso
iated with pri-orities , whi
h need to be respe
ted by the retrieval operation. In some 
ontexts,su
h as fun
tional programming, we may be interested in retrieving only the highestpriority patterns, i.e., su
h terms l thatR(l; t) ^ 8l0 2 L (priority(l0) > priority(l)) :R(l0; t)):In other 
ontexts su
h as logi
 programming and dedu
tive databases, the retrievaloperation may be required to return 
andidate terms from L in a de
reasing orderof priority. Priorities arise in the 
ontext of automated reasoning as well, where theymay be used to en
ode heuristi
s aimed at generating \simpler," \more general" or\more useful" theorems �rst. For instan
e, in 
ompletion pro
edures we may preferto generate 
riti
al pairs from \smaller" terms before using \larger" terms.Computing substitutions. In many appli
ations, we are not only interested in identi-fying the 
andidate terms from the indexed set, but also in identifying a substitutionor substitutions under whi
h the query term and the 
andidate term satisfy the re-trieval 
ondition. In theory, 
omputation of su
h substitutions 
an be performedafter indexing, but this approa
h in
reases the post-pro
essing 
ost after identi�-
ation of the 
andidate terms. As su
h, many indexing te
hniques are designed to
ompute the substitutions as part of the indexing operation and return them. Theone-at-a-time retrieval mode is parti
ularly suited for su
h te
hniques.Many-to-many operations. Many-to-many indexing problems arise in the 
ontextof operations that are performed 
olle
tively on groups of terms. Some of the most
ommon examples are multiliteral subsumption, hyperresolution, and unit-resultingresolution. Substantial speedups have been reported by using many-to-many index-ing operations in these 
ases, as 
ompared to just using one-to-many indexing. Inparti
ular, the many-to-many problems require that we deal with a set Q of queryterms, rather than a single query term.Sin
e the term \many-to-many" is ambiguous and may refer to an operationon two indexes, while all the above mentioned operations require one indexed setof terms and several query terms, we will use the term multiterm indexing. Wepostpone the dis
ussion of multiterm indexing until Se
tion 13.Subterm-based retrieval 
onditions. Sometimes, we may be interested in 
onsideringall subterms of the query term as query terms themselves. For instan
e, in termrewriting, we want to identify an indexed term l (whi
h 
orresponds to the lhs of arewrite rule) and a subterm t=p of the given term su
h that t=p is an instan
e of l.Similarly, we may want to index on all of the subterms of a given set of indexedterms. For example, in 
ompletion pro
edures or paramodulation-based theorem prov-ing (see [Nieuwenhuis and Rubio 2001℄, Chapter 7 of this Handbook) we have to
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h cFigure 1: DAG representation of the term f(g(x; h(y)); a; f(h(y); z; 
))identify all subterms of given terms that are uni�able with, or instan
es of, a queryterm.Although all of these 
ases 
an be handled either by multiterm indexing or by astraightforward in
lusion of all subterms in the index, it would be advantageous toexploit the fa
t that a term and its subterms share 
ommon stru
tures in order todevelop spa
e and time-eÆ
ient indexing algorithms.Consideration of subterm-based retrieval 
onditions is beyond the s
ope of thispaper.3. Data stru
tures for representing terms and indexes3.1. Data stru
tures for representing termsThere are several data stru
tures for representing terms. We present a short sum-mary of three su
h stru
tures: 
onventional representations using trees or DAGs,
atterm representation and Prolog term representation.3.1.1. Conventional representation of termsGiven the indu
tive de�nition of terms, the most obvious way to represent them is touse trees or dire
ted a
y
li
 graphs (DAGs). The root node of the tree representationfor a term t 
ontains the root symbol of t and pointers to nodes that 
orrespond toimmediate subterms of t. These pointers may be stored either in an array or as alinked list. The 
onventional representation is a versatile one and readily supports
ommon operations su
h as traversing a term in di�erent ways, skipping subterms,et
.An example of a DAG representation is shown in Figure 1. As 
ompared to a treerepresentation, a DAG representation presents an opportunity to share subterms .Su
h sharing 
an 
ontribute to as mu
h as an exponential de
rease in the size



Term Indexing 1867of the term. The bene�ts of sharing are signi�
ant in pra
ti
e | for instan
e, interm rewriting and fun
tional programming, rules su
h as f(x) ! g(x; x) o

ur
ommonly, and a tree-representation would require dupli
ation of the (arbitrarilylarge) term that appears as the substitution for x in the term being redu
ed. In
ontrast, using a dag representation, we 
an a
hieve the same e�e
t by dupli
atingthe pointer to the substitution, without having to dupli
ate the substitution.Some systems employ dag representations with aggressive sharing , also 
alledperfe
t sharing where we ensure that only a single 
opy of a term exists, regardlessof the number of 
ontexts in whi
h it o

urs. Aggressive sharing is used in some the-orem provers, su
h as Otter and Vampire, espe
ially for long-lived terms (termsthat are kept). Aggressive sharing also simpli�es nonlinear mat
hing, sin
e the taskof 
onsisten
y 
he
king a
ross multiple substitutions for the same variable simpli�esto 
omparing the pointers to all the respe
tive terms, rather than 
he
king whetherthe substitutions are stru
turally identi
al. Parti
ularly eÆ
ient representationshave been developed for su
h aggressive sharing in the 
ontext of the 
ongruen
e
losure problem [Nelson and Oppen 1980℄. The overhead of aggressive sharing istypi
ally too high in programming appli
ations su
h as fun
tional and logi
 pro-gramming systems. However, in some 
ontexts, a further optimized representationknown as hashed 
ons has been found to be useful.3.1.2. FlattermsFlatterm is a representation for terms introdu
ed in [Christian 1989, Christian1993℄. Flatterm is a linear stru
ture that 
orresponds to a linked-list representationof the nodes visited in a preorder traversal of a term. In this paper, we will usepreorder traversal as synonym for depth-�rst, left-to-right inspe
tion of the sub-terms. To fa
ilitate skipping of subterms, a node n 
orresponding to a subterm haspointers to the node that follows immediately after all of the 
hildren of n. The
atterm representation of the term f(g(a; h(y)); h(y); x) is shown below, where thefollowing notations are used:Symbol: symbol at the 
urrent nodeNext: next node in preorder traversal of termPrev: previous node in preorder traversalEnd: last node (in preorder traversal) in the subtree rooted at the 
urrent node.Observe that most operations on terms require some form of traversal of a term. Ifwe restri
t ourselves to a preorder traversal, then 
atterm provides a more eÆ
ientway to traverse the term as 
ompared to 
onventional terms. Moreover, ea
h nodein a 
atterm has a �xed stru
ture with the same number of �elds. This implies thatthe sizes of all nodes are identi
al, whi
h, in turn, simpli�es memory management.(In 
ontrast, the size of a node in a 
onventional term depends on the number of
hildren of the node.) The 
onstant size of the nodes means also that they 
an beput in an array, whi
h eliminates the need in the Next and Prev referen
es andleads to a smaller memory 
onsumption and faster traversal.Flatterms are parti
ularly eÆ
ient when used in 
onjun
tion with left-to-rightdis
rimination trees (see Se
tion 6). They are not well-suited in situations where
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Figure 2: Flatterm representation of f(g(a; h(y)); h(y); x)
f � � �g a � h �Figure 3: Prolog representation of f(g(a; h(y)); h(y); x)

the traversal order may be di�erent from left-to-right. Another diÆ
ulty is that thisrepresentation does not support stru
ture sharing. Flatterms are used in severaltheorem provers to represent query terms, for whi
h stru
ture is unimportant.3.1.3. Prolog termsProlog uses an optimized version of the 
onventional term representation, whereea
h node is tagged as a 
onst, fun or ref node, whi
h are used to store 
onstants(i.e., fun
tion symbols with arity zero), fun
tion symbols (with arity > 0), andpointers to other terms respe
tively. The variable nodes are represented as ref-eren
es to the node itself, whi
h enables parti
ularly eÆ
ient implementation ofvariable binding via setting of the pointer to the term to be bounded. Note thatneither the var nodes, nor the 
onst nodes have any 
hildren. Hen
e Prolog imple-mentations store su
h values within the 
orresponding parent nodes. Finally, thefun
tion nodes are represented using variable-sized nodes, with both the fun
tionsymbol and referen
es to the 
hildren represented using the same array. The Prologrepresentation of terms is illustrated in Figure 3.



Term Indexing 18693.2. Variable banksThere are situation where the same term may be used with di�erent sets of variablesduring the same retrieval operation. For example, the (indexed) literal f(y; g(y))
an be used n times for performing a hyperresolution inferen
e with the 
lause:f(x0; x1) _ :f(x1; x2) _ :f(xn�1; xn) _ h(x0; xn):To perform this hyperresolution inferen
e, one needs to use n 
opies of f(y; g(y))with y instantiated by the terms x0; g(x0); : : : ; gn�1(x0).A typi
al implementation te
hnique for su
h situations is the use of variablebanks . Suppose that we have an indexed term l with the variables y1; : : : ; yn whi
h
an be used several times with di�erent instantiations for y1; : : : ; yn. Then we 
reateseveral 
opies of the sequen
e y1; : : : ; yn:y11; : : : ; y1n;� � �ym1; : : : ; ymn:Ea
h 
opy is 
alled a variable bank. When, during retrieval, we perform kth oper-ation with the index, we use the variable bank yk1; : : : ; ykn instead of y1; : : : ; yn.To in
rease eÆ
ien
y, variable banks are usually allo
ated only on
e as an array,and ea
h variable bank is also implemented as an array 
ontaining a large enoughnumber of variables.Variable banks are used (under di�erent names) in Otter, Fiesta, and Vam-pire. The term \variable banks" is taken over from [Rivero 2000℄.3.3. Data stru
tures for representing indexesThere are two broad 
ategories of representations for indexes. The �rst 
ategory
onsists of representations similar to �nite-state automata or tries, whi
h are \in-terpreted" at retrieval time. The se
ond 
ategory 
onsists of representations thatuse some form of 
ode that is exe
uted in order to perform retrieval.3.3.1. Automata-based representationsThe automata-like representations deal with issues very similar to those that arise instring-mat
hing automata, and these issues have been studied well in the literature.Perhaps the most important aspe
t is the representation for outward transitionsfrom a state. A variety of te
hniques have been studied that attempt to minimize thestorage needed for representing these transitions, yet try to a
hieve O(1) expe
tedtime for identifying the appli
able transition based on the symbol in the input string(or term). The di�erent data stru
tures studied are:� Array: fast, but high memory 
onsumption sin
e the number of outward tran-sitions may be very small 
ompared to the alphabet size.
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onomi
al in terms of spa
e, but slow for making transitions� Hash table: storage requirements slightly more than linked list representation,but signi�
antly faster. However, 
ollisions 
an be
ome a problem.� Jump table: spe
ialized data-stru
tures that 
ombine the bene�ts of arrayrepresentation with low memory requirements [Dawson, Ramakrishnan andRamakrishnan 1995℄.In jump tables, the symbol's value is dire
tly used as an index, as in the 
ase of thearray representation. However, to redu
e the storage requirements, the tables fordi�erent automaton states are \overlapped." The problem of optimizing the spa
erequirement is NP-
omplete, but e�e
tive heuristi
s have been developed that workwell in pra
ti
e [Dawson, Ramakrishnan and Ramakrishnan 1995℄.3.3.2. Code treesIt is usual in automated dedu
tion to 
ompile the query term into a 
ode that isexe
uted on the index. If the 
ompilation time is small 
ompared to the retrievaltime, this 
ompilation pays o�.It is less usual to 
ompile the index itself to a 
ode that will be exe
uted onthe query term in order to perform retrieval. We may 
ompile the 
ode for a realma
hine, as for fun
tional programming language 
ompilers, or for a virtual ma-
hine, as in the 
ase of Prolog's WAM (see, e.g., [A��t-Ka
i 1991℄). In the 
aseof automated dedu
tion, the dynami
 nature of indexed sets and the modern
omputer ar
hite
ture work against a fully 
ompiled approa
h, so a virtual ma-
hine is the only alternative. Su
h an approa
h to indexing is demonstrated in[Voronkov 1994, Voronkov 1995, Riazanov and Voronkov 2000b℄, where the index isrepresented as a stru
ture 
alled 
ode tree. Code trees will be dis
ussed in Se
tion 9.4. A 
ommon framework for indexingSymbol-based indexing te
hniques 
an be des
ribed abstra
tly as follows. Candidateterms sele
ted are those that have identi
al fun
tion symbols as the (subset of)positions in the query and the indexed terms. In order to sele
t the 
andidate terms,we need to examine these subset of positions in the query term in some order. Ine�e
t, the whole pro
ess 
an be viewed as 
onstru
ting a string of symbols from thequery term, and identify if this string \mat
hes" the string 
onstru
ted from theindexed terms. Thus, most symbol-based indexing te
hniques 
an be uni�ed underthe broad theme of string mat
hing based indexing .Given this analogy between string mat
hing and term indexing, we 
an readilysee the appli
ability of previously known te
hniques for string-mat
hing, su
h asthe use of trie and �nite-state automata based data stru
tures for fast mat
hing.Spe
i�
ally, we 
an build a trie or an automaton 
onsisting of all the strings obtainedfrom the indexed terms. At retrieval time, a string 
orresponding to the query termis 
onstru
ted (impli
itly or expli
itly) and \run through" the automaton to identifythe strings in the automaton that are 
ompatible with this string. Finally, the
ompatible strings in the automaton are mapped into the 
orresponding 
andidate



Term Indexing 1871set of terms. The key advantage of using an automaton (or a trie) representationis that those operations that are 
ommon for mat
hing against multiple strings
an be \fa
tored out." This advantage results in substantial speedups over a naiveapproa
h that would repeatedly test the query term against ea
h one of the indexedterms.In this se
tion we �rst develop the 
on
epts needed to relate string mat
hing op-erations and the 
orresponding relations among terms. We then pro
eed to des
ribethe basi
 te
hniques, many of whi
h are drawn from string-mat
hing, that 
an beused to improve the speed of retrieval and/or redu
e the size of the index. Our de-s
ription of indexing te
hniques in subsequent se
tions will draw upon the 
on
eptsdeveloped in this se
tion. This approa
h enables one to understand many knownindexing methods as instan
es of a more generi
 set of te
hniques, thus sheddinglight on the fundamental advantages and disadvantages of ea
h of these methodsand making it easier to 
ompare and 
ontrast them.4.1. Position stringsIn order to make use of string-mat
hing te
hniques, we �rst need to 
onvert theterms into a string representation. One way to do this is to write out the symbolso

urring in a term in some sequen
e, thus arriving at a string. However, su
h anapproa
h may lose some of the information 
aptured by the term stru
ture. Topreserve this information, we 
an 
apture ea
h symbol in a term together with itsposition in the string. For instan
e, we 
an represent the term f(a; g(b; 
)) as astring h�; fih1; aih2; gih2:1; bih2:2; 
i: (4.1)Rather than generating a single string from a term, we may 
hoose to generatemultiple strings. For instan
e, we may generate the following set of strings from thesame term: fh�; fih1; ai; h�; fih2; gih2:1; bi; h�; fih2; gih2:2; 
ig: (4.2)We refer to strings (4.1) and those in (4.2) as position strings, or p-strings for short.Intuitively, a p-string is simply a string representation of some term. More formally,4.1. Definition (Position strings). A position string (abbreviated p-string) Sover an alphabet � is a nonempty string of the form hp1; s1ihp2; s2i � � � hpn; sniwhere pi 2 P and si 2 � [ V su
h that:� for all 1 � i; j � n, if pi is a proper pre�x of pj then i < j;� there exists a term t, 
alled the 
hara
teristi
 term for S su
h that{ for every 1 � i � n we have root(t=pi) = si; and{ p1; : : : ; pn are exa
tly the set of positions in t.
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an view the positions p1; : : : ; pn in a p-string as 
apturing a way totraverse a term, with s1; : : : ; sn being the symbols visited in this traversal order.If the order of traversal is �xed a priori (e.g., we use a depth-�rst or breadth-�rsttraversal order), then the position information be
omes redundant. If we do notwant to 
onstrain ourselves with any one �xed way of visiting symbols in a term,then the position information is important.In a term stru
ture, it is typi
ally meaningless and/or impossible to visit a nodebefore �rst visiting all of its parents. This is the reason for imposing the �rst
ondition in the above de�nition. Se
ondly, we want the p-string to represent aterm, whi
h we 
all the 
hara
teristi
 term. Note that the 
hara
teristi
 term isunique, up to repla
ement of variables by other variables.Sometimes, we may abbreviate p-strings in su
h a way that we drop one or morevariables from them. For instan
e, we abbreviate the p-stringh�; fih1; �ih2; gih2:1; �ih2:2; 
ias h�; fih2; gih2:2; 
i. We will use the notation 
t(S) to denote the 
hara
teristi
term of a string S. The 
hara
teristi
 term for the above p-strings is f(�; g(�; 
)).4.2. P-string 
ompatibility and indexingWe now pro
eed to des
ribe how p-strings generated from the indexed terms 
anbe used as the basis for identifying those terms that are 
ompatible with a givenquery term. For this purpose, we need to extend the notion of R-
ompatibility tooperate between p-strings and terms:4.2. Definition (p-string 
ompatibility). Given a term t and a p-string S, de�nethe S-pre�x of t, denoted t\S, to be a term t0 obtained from t by repla
ing everyposition in t that is not 
ontained in S by a new distin
t variable. S is said to beR-
ompatible with the term t if R(
t(S); t0) holds.We will overload the notation R(S; t) to denote R-
ompatibility between the stringS and term t. For instan
e, the p-string h�; fih2; gih2:2; 
i, whose 
hara
teristi
 termis f(�; g(�; 
)), is 
ompatible with the query term f(a; g(b; x)) with respe
t to theretrieval 
ondition unif . On the other hand, the p-string h�; fih1; 
ih2; gih2:2; 
i isnot unif -
ompatible with this term. Moreover, h�; fih2; gih2:2; 
i is not 
ompatiblewith this term with respe
t to the relation gen .A simple te
hnique for determining if R(l; t) 
an possibly hold is to �rst gen-erate one or more p-strings from l and then 
he
k if ea
h of these p-strings areR-
ompatible with t. To ensure that an indexing te
hnique based on this approa
hwill be sound (i.e., identify all indexed terms that are potentially R-
ompatible witht), we require that these p-strings be 
hara
teristi
 strings of l as de�ned below:4.3. Definition (Chara
teristi
 set of strings). A set fS1; : : : ; Skg of p-strings is
alled 
hara
teristi
 for a term l if for any term t, we haveR(l; t)) V1�i�k R(Si; t).
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ondition ensures that any term that is potentially 
ompatible with t is iden-ti�ed by the �lter. We will use the notation St to denote a 
hara
teristi
 set ofstrings for a term t. If this set is singleton, then we use St to refer to this string.For a set L of terms, we use the notation SL to refer to the union of 
hara
teristi
sets for all terms in t, i.e., SL denotes a set Sl2L Sl.Symbol-based indexing te
hniques are based on 
onstru
ting a 
hara
teristi
 setSL of strings for the indexed set L of terms, and 
onstru
ting an automaton (ortrie) of all these strings. Su
h an automaton 
an be used to qui
kly identify thosep-strings that are 
ompatible with a given query term. This information about
ompatibility with individual p-strings needs to be 
ombined to identify whi
h ofthe indexed terms are potentially 
ompatible with the query term. In parti
ular, we
onsider ea
h indexed term l, and ask the question if the query term was 
ompatiblewith strings of its 
hara
teristi
 set. In the worst 
ase, the 
ombination step willhen
e take time O(Pl2L jSlj). However, in pra
ti
e, several additional 
onstraintsare pla
ed upon the traversal orders for generating 
hara
teristi
 strings, whi
henable the indexing to be performed faster.To illustrate the 
on
epts developed so far, 
onsider the indexed set L =ff(�; a; b); f(b; a; a); f(b; a; �)g under the retrieval 
ondition gen. Suppose that wegenerate one 
hara
teristi
 string from ea
h of the terms in the indexed set, so thatwe get SL = fh�; fih2; aih3; bi; h�; fih2; aih3; aih1; bi; h�; fih2; aih3; �ih1; big:An automaton for these three strings is shown in Figure 4(a). In this �gure, theleaves are annotated with the number(s) of term(s) from whi
h the p-string 
orre-sponding to the state was generated.Given a query term t = f(b; a; 
) and the retrieval 
ondition gen , we 
an use thisautomaton for indexing as follows. First, we inspe
t the position � of t, note thatthe symbol f at this position is identi
al to that on the transition from state 2 tostate 3, and thus move to state 3 of the automaton. Next, we inspe
t position 2 oft, mat
h with the symbol a on the transition leading to state 5. Next we inspe
tposition 3, and note that it is 
ompatible with � on the transition leading to state8. Finally, we inspe
t position 1 and then rea
h the �nal state 13 that is markedwith f3g. Sin
e the query term is 
ompatible with only the p-string derived fromthe indexed term f(b; a; �), we 
an immediately 
on
lude that the query term ispotentially 
ompatible with this term alone.Ba
ktra
king may be needed while performing retrieval operation in some 
ases.For instan
e, for the query term f(b; a; b), we 
an use the automaton of Figure 4(a)to rea
h the �nal state marked with f1g. However, this term is 
ompatible with thep-string generated from the term f(b; a; �) as well, and this 
an be dete
ted onlyby ba
ktra
king to state 6 and following down the transition to state 8.Now 
onsider the same set of indexed terms, but with di�erent sets of p-stringsand the retrieval 
ondition unif . Let the p-strings be:
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7Figure 4: Example indexing automataSf(�;a;b) = fh�; fih1; �i; h�; fih2; ai; h�; fih3; big;Sf(b;a;a) = fh�; fih1; bi; h�; fih2; ai; h�; fih3; aig;Sf(b;a;�) = fh�; fih1; bi; h�; fih2; ai; h�; fih3; �ig:Note that there is one p-string 
orresponding to ea
h of the root-to-leaf pathsin ea
h indexed term. The automaton for these p-strings, shown in Figure 4(b),thus 
aptures the path indexing te
hnique proposed in [Sti
kel 1989, Ramesh, Ra-makrishnan and Warren 1990℄ and dis
ussed in the next se
tion. We 
an use thisautomaton for retrieving terms that are uni�able with the query term t = f(b; �; b).We need to retrieve the indexed terms su
h that all of the p-strings generated fromthem are 
ompatible with t. We use the automaton to inspe
t t. We mat
h theroot symbol f , and then pro
eed to follow down on ea
h of the transitions downfrom state 3. Spe
i�
ally, we inspe
t position 1 in t at state 4, and see that it is
ompatible (under uni�
ation) with both transitions leading out of state 4. Thus,t is 
ompatible with the �rst p-strings of all of the indexed terms. We now mat
hagainst the se
ond strings by following the se
ond transition out of state 3. Again,we see that under uni�
ation, t is 
ompatible with all of these p-strings as well.Finally, we follow the third transition out of state 3, and �nd that states 11 and12 are 
ompatible with t. At this point, we have information about the 
ompatibil-ity of t with all of the p-strings, from whi
h we 
an 
on
lude that t is potentially
ompatible with terms 1 and 3.



Term Indexing 18755. Path indexing5.1. Overview of path indexingWe �rst des
ribe path indexing using the general s
heme presented in Se
tion 4.In path indexing, we generate multiple p-strings from ea
h indexed term, ea
h one
orresponding to a traversal of one root-to-leaf path in the term. We then build atrie of these p-strings, whi
h is used to perform the retrieval operation.By exploiting the nature of root-to-leaf traversals, we 
an use a more optimizedrepresentation for positions. In parti
ular, sin
e su

essive positions inspe
ted 
or-respond to parent and 
hild, it is suÆ
ient to denote whi
h 
hild is being in
ludedin a p-string, rather than spe
ifying the position of the 
hild. For instan
e, 
onsiderthe path from the root of the term f(b; g(f(x); a)) to the variable x. Rather thanusing a p-string h�; fih2; gih2:1; fih2:1:1; �i, we 
an use the simpler representationf:2:g:1:f:1:�. For the rest of our dis
ussion on path indexing, we will make use ofthe simpli�ed representation for p-strings. We will also use the alternative termpath strings to refer to su
h p-strings.The se
ond optimization is in the way we 
ombine the results of mat
hes onp-strings into a mat
h for (some of) the indexed terms using set interse
tion oper-ations. We illustrate this using the example set of indexed terms(1) f(g(a; �); 
); (2) f(g(�; b); �); (3) f(g(a; b); 
);(4) f(g(�; 
); b); (5) f(�; �):The path strings generated from these terms, together with an identi�
ation ofwhi
h indexed terms produ
ed the path strings, are shown below:f:1:� f5g f:2:� f2; 5gf:1:g:1:� f2; 4g f:2:
 f1; 3gf:1:g:1:a f1; 3g f:2:b f4gf:1:g:2:� f1gf:1:g:2:b f2; 3gf:1:g:2:
 f4gA trie for these strings is shown in Figure 5. We have annotated ea
h leaf node inthis trie with the set of indexed terms that generated the path string 
orrespondingto the leaf.Some of the earliest ideas related to path indexing 
an be found in the 
oordi-nate indexing s
heme [Hewitt 1971℄. Path indexing was proposed independently byRamesh et al. [1990℄ in the 
ontext of logi
 programming, and Sti
kel [1989℄ in the
ontext of automated reasoning. Path indexing and its many variants have beenextensively studied by M
Cune [1992℄ and Graf [1992, 1996℄.



1876 R. Sekar, I.V. Ramakrishnan, and A. Voronkov
1{5}

* *

a c

{1}

*

{2,4}

{2,5}

b

2

1

g

f

cb

2

2

*

1312

1110

14

43

1615

9

{1,3}

{1,3}{4}

5

{2,3}

876

{4}

1

Figure 5: Path index for ff(g(a; �); 
); f(g(�; b); �); f(g(a; b); 
); f(g(�; 
); b); f(�; �)g
5.2. Indexing algorithmsThe 
onstru
tion and maintenan
e operations involve insertion and deletion ofterms from the index. Below we des
ribe algorithms for insertion, deletion, andretrieval.5.2.1. Index 
onstru
tionIndex 
onstru
tion pro
eeds by su

essive insertion of path strings from ea
h of theindexed terms. The insertion pro
ess is straightforward. We generate path strings
orresponding to ea
h of the root-to-leaf paths in the term to be inserted. For thosepath strings that already appear in the index, we simply need to insert the newindexed term in the 
andidate set asso
iated with the �nal state 
orresponding tothe string. Those path strings that do not already exist in the trie are insertedinto the trie, and the �nal state 
orresponding to the string is annotated with thesingleton set 
ontaining the newly inserted indexed term. Figure 6 shows the resultof inserting the term f(g(b; 
); �) in the index of Figure 5. Note that two of thepath strings generated from the term, namely, f:1:g:2:
 and f:2:�, already exist inthe trie. The 
andidate sets of the 
orresponding �nal states (labelled 15 and 9respe
tively) are updated to in
lude the newly in
luded term, whi
h is identi�edby the number 6. The third path string, f:1:g:1:b is a new path string, and it isinserted into the trie. The 
orresponding new �nal state, labelled 17, is asso
iatedwith the 
andidate set f6g.
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Figure 6: Path index after insertion of f(g(b; 
); �) to Figure 55.2.2. Index maintenan
eIndex maintenan
e involves insertion and deletion of terms from the indexed terms.Insertion of new terms has already been 
overed. Deletion of terms is also simple. We�rst generate the path strings from the term to be deleted. For ea
h of these strings,we identify the 
orresponding �nal state in the trie and delete the indexed termfrom the asso
iated 
andidate set. If this operation results in an empty 
andidateset, we 
an then delete the �nal state from the trie. If the parent of the �nal statehas no 
hildren now, we 
an delete the parent as well and pro
eed higher up in thetrie. This pro
ess is repeated until we rea
h a trie node that has nonzero numberof des
endants. The deletion operation is illustrated in Figure 7, whi
h shows theindex obtained by deleting the term f(g(�; 
); b) (whi
h is identi�ed by the number 4in the indexed set) from the index of Figure 6. Note that this term generates threepath strings f:1:g:1:�, f:1:g:2:
, and f:2:b, whi
h are asso
iated with �nal stateslabelled 12, 15, and 7 respe
tively. We delete 4 from the 
andidate sets asso
iatedwith these states. Observe that this results in the 
andidate set of state 7 be
omingempty. We therefore delete this state. Observe that the parent state 4 has otherdes
endants, so we stop without deleting this state.5.2.3. Retrieval of generalizationsRetrieval of generalizations 
orresponds to the one-to-many mat
hing problem,where we are interested in rapid sele
tion of terms su
h that the query term mat
hesthese terms. It is an important operation that plays a 
entral role in term rewritingand fun
tional programming. Even in the 
ase of logi
 programming and dedu
-tive databases, one-to-many mat
hing o

urs frequently as an optimization of theuni�
ation operation when some arguments are known to be bound.
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Figure 7: Path index after deleting f(g(�; 
); b) from Figure 6The retrieval pro
ess is best des
ribed using the algorithm of Figure 8. Thealgorithm takes two parameters, one representing a state within the trie, and these
ond a subterm of the query term t. It is initially invoked as retrieve(s0; t), wheres0 is the root of the trie. We use the notation Ms to denote the 
andidate setasso
iated with a �nal state s.We 
an perform one optimization to avoid set unions at retrieval time. This 
anbe a

omplished as follows. Let s be a state in the trie that has a transition on � toanother state s0. Then we dupli
ate the indexed terms inMs� in the 
andidate setsasso
iated with all the des
endent states of s. This optimization redu
es the 
ost ofretrievals, but 
an in
rease the 
ost of insertions and deletions to the indexed set.When a new path string terminating with a � is inserted in (or deleted from) theindex, we have to not only update the 
andidate set asso
iated with s�, but alsothe 
andidate sets asso
iated with all of the des
endants of s. Even worse, whenwe delete a t from su
h an index, we have to 
he
k if some other terms having � innonvariable positions of t should be removed from the bran
hes previously used byt.5.2.4. Retrieval of instan
esRetrieval of instan
es is an important problem that arises in the 
ontext of ba
k-ward subsumption and demodulation in automated theorem-proving, and tabledresolution in logi
 programming and dedu
tive databases. We des
ribe a retrievalalgorithm in Figure 9.In identifying indexed terms that are instan
es of the query term, observe thatvariables in the indexed term play no role. (On
e again, this is be
ause we areignoring nonlinearity during indexing.) However, variables in the query terms
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tion retrieve(Trie state s, term u) returns set of terms M1. M := �2. if u is nonvariable and 9 a transitionfrom state s to another state s0 labelled with root(u) then3. if s0 is a �nal state then4. M :=Ms05. else6. let I be the set of numbers i su
h that 9a transition from s0 to si labelled by i7. M := Ti2I retrieve(si; u=i)8. endif9. endif10. if 9 a transition from s to a state s� labelled with � then11. M :=M[Ms�12. return MFigure 8: Algorithm for retrieval of generalizations from a path index
fun
tion retrieve(Trie state s, term u) returns set of terms M1. if u = � then2. let F be the set of all �nal states that are des
endants of s3. M = Ss02FMs04. else if 9 a transition from s to a state s0 labelled with root(u) then5. if s0 is a �nal state then6. M :=Ms07. else8. let I be the set of numbers i su
h that 9a transition from s0 to si labelled by i9. M := Ti2I retrieve(si; u=i)10. endif11. endif12. return MFigure 9: Algorithm for retrieval of instan
es from a path index
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ant. In parti
ular, if the query term has a path string of the forms1:p2:s2:p3 : : : :pk�1:sk�1:pk:�, then this path string is 
ompatible with all pathstrings in the index of the form s1:p2:s2:p3: : : : :pk�1:sk�1 : : :. Thus, we take theunion of all the 
andidate sets 
orresponding to all su
h path strings at step 2 ofthe algorithm. If u is not a variable, then the retrieval pro
eeds as usual by takingthe transition from s that is labelled with the root symbol of u.Observe that the set F of the des
endants of the state s identi�ed at step 2 
anbe large, and as su
h, the union operation quite expensive. We 
an redu
e this 
ostby pre
omputing the union and storing it at ea
h state of the trie. Note that unlikethe optimization for avoiding unions in the 
ase of retrieval of generalizations, thisoptimization does not in
rease the 
ost of either insertion or deletion of indexedterms, but may 
onsiderably in
rease memory 
onsumption. In parti
ular, let Csdenote the set [s02F(see step 3 of the algorithm). Then, whenever a path string S is inserted into thetrie, it is added to Cs for every state s that is on the root-to-leaf path in the trie
orresponding to S. Deletion of indexed terms simply reverses this pro
ess.5.2.5. Retrieval of uni�able termsRetrieval of uni�able terms is an important operation in automated theorem provingin tasks su
h as resolution and 
riti
al-pair generation, and in logi
 programmingand dedu
tive databases. We present the algorithm for retrieving uni�able termsbelow.Observe that uni�
ation treats the indexed term and the query term symmetri-
ally. In parti
ular, if either term 
ontains a variable at some position p, then allpath strings that are identi
al in the other term up to p, are 
ompatible with thispath string. Thus, the retrieval algorithm for uni�
ation is obtained by essentially
ombining the retrieval algorithm for generalizations and instan
es. The 
ombina-tion is in some sense like a union, as the 
andidate sets obtained are the larger ofthe sets obtained at step 2 of Figure 9 and step 13 of Figure 8.The optimizations mentioned earlier for avoiding the unions at steps 3 and 15
an again be applied, with essentially the same tradeo�s as in the 
ase of retrievalof generalizations and instan
es.5.2.6. Retrieval of variantsThis operation is also symmetri
 with respe
t to the indexed and query terms.However, unlike uni�
ation, we treat variables in this 
ase just like nonvariablesymbols. The algorithm for retrieval is given in Figure 11.5.2.7. Implementation issuesThe set union and interse
tion operations 
an be made eÆ
ient by using bitve
-tor representations for sets. This ensures that we 
an perform the unions andinterse
tions very fast (e.g., in a few ma
hine instru
tions) even for index sets
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tion retrieve(Trie state s, term u) returns set of terms M1. if u = � then2. let F be the set of all �nal states that are des
endants of s3. M = Ss02FMs04. else5. M := ;6. if 9 a transition from s to a state s0 labelled with root(u) then7. if s0 is a �nal state then8. M :=Ms09. else10. let I be the set of numbers i su
h that 9a transition from s0 to si labelled by i11. M := Ti2I retrieve(si; u=i)12. endif13. endif14. if 9 a transition from s to a state s� labelled with � then15. M :=M[Ms�16. return MFigure 10: Algorithm for retrieval of uni�able terms from a path indexwith a few hundreds of terms. However, problems 
an arise when the sets 
ontainlarger numbers of terms, for example over 20,000 as reported in [Riazanov andVoronkov 2001a℄.5.3. Variations of path indexingUse of bitve
tors for 
ompa
t representation of the sets M and C was suggested in[Ramesh et al. 1990℄. It is espe
ially appropriate in appli
ations where the numberof terms involved is small to moderate (up to a few hundred terms). If su
h 
om-pa
t and eÆ
ient representation was usable, further optimizations are possible. Inparti
ular, [Ramesh et al. 1990℄ suggests that we use the 
andidate terms identi�edso far (i.e., in indexing using the �rst k path strings in the query term) to prune the
andidate set for subsequent path strings (i.e, k + 1st path string). More pre
isely,we 
arry around the 
urrent 
andidate set D at all times. We set M := Ms0 \ Dat step 8 in Figure 10. Moreover, before we des
end into a state s0 at step 6 of thealgorithm, we 
he
k to ensure that there exists some term in D that is a des
endantof s0. Using these optimizations, we 
an identify failures early, and moreover avoidinspe
ting some positions that are not ne
essary to determine the 
andidate set.A variant of path indexing is obtained by limiting the maximum lengths of pathstrings. Those path strings longer than this length are trun
ated. This variation has
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tion retrieve(Trie state s, term u) returns set of terms M1. if 9 a transition from state s to another state s0 labelled with root(u) then2. if s0 is a �nal state3. then M :=Ms04. else5. let I be the set of numbers i su
h that 9a transition from s0 to si labelled by i6. M := Ti2I retrieve(si; u=i)7. endif8. endif9. return MFigure 11: Algorithm for retrieval of variants from a path indexbeen proposed and studied by M
Cune [1992℄ in the Otter system. By 
ontrollingthe maximum length, we 
an 
ontrol the size of the trie. The savings are parti
ularlysigni�
ant in M
Cune's version, sin
e it stores the sets Cs at ea
h node in the trie.As these sets are represented as lists, the storage required per node in the trie issubstantial. Graf [1992℄ uses an alternative approa
h where the sets C are not stored,and this representation is less sensitive to this optimization. Other te
hniques forredu
ing the size, su
h as pruned and 
ollapsed tries, have not been studied. As
ompared to length limiting the paths, the pruning and 
ollapsing te
hniques havethe advantage that no a

ura
y is lost by these te
hniques.Graf [1992℄ proposes a variation of path indexing in whi
h the 
andidate setelements are retrieved one-at-a-time. To a

omplish this, we 
an expli
itly 
onstru
ta data stru
ture (
alled the query tree) that 
aptures the union and interse
tionoperations performed by the retrieval algorithms presented above. In parti
ular, aswe traverse the trie, we 
onstru
t the query tree that represents the set operationsto be performed, rather than performing them dire
tly. This query tree 
an then beevaluated to yield the 
andidate set elements one at a time. In parti
ular, we 
antry to 
ompute the �rst element in the 
andidate set, then the se
ond element, andso on. One of the advantages of this approa
h is that it 
an deal with insertions tothe index 
on
urrent with the retrieval. Assume that the indexed terms are giveninteger identi�ers in su
h a manner that terms 
reated later on have a larger idthan terms 
reated earlier. We now evaluate the query tree to get the 
andidateterms in the in
reasing order of the id. This approa
h ensures that if new termswere to be added to the query tree in the middle of the retrieval pro
ess, theseterms would get larger identi�ers than the terms already existing in the index, andhen
e will be retrieved after all of the terms already in the index. This ability topro
ess 
on
urrent retrieval and insertion is parti
ularly 
onvenient in appli
ationswhere the retrieved term may be pro
essed in su
h a way that new terms may haveto be inserted into the index.Riazanov and Voronkov [2001a℄ dis
uss a modi�
ation of path indexing that also



Term Indexing 1883works for multiliteral 
lauses. Their modi�
ation also uses skip lists to store setsof literals or 
lauses at ea
h node. There are no union operations sin
e every nodestores the list of all literals or 
lauses stored in the leaves des
endent from thisnode. Interse
tion operations are optimized by 
hanging the order of interse
tionsand using fast traversal of skip lists.5.4. Summary of advantages and disadvantagesPath indexing has been studied extensively by M
Cune [1992℄, Graf [1992℄,[Riazanov and Voronkov 2001a℄ in the 
ontext of automated theorem proving, andby Ramesh et al. [1990℄, Chen, Ramakrishnan and Ramesh [1992℄ in the 
ontextof logi
 programming. The slight variations in these implementations were outlinedearlier. Spe
i�
ally, M
Cune's [1992℄ implementation uses hashing instead of tries,and moreover, stores the sets Cs. In 
ontrast, Graf uses tries and also avoids storingthe Cs sets. As su
h, the latter approa
h utilizes less memory than the former.One of the main advantages of path indexing is that it is e
onomi
al in terms ofmemory usage, more so than any other indexing te
hnique dis
ussed in this paper.The best performan
e in terms of memory usage is obtained when we use tries torepresent the index, and store the 
andidate sets only at the leaves of the index,but not at the intermediate nodes. Another aspe
t of memory usage is that is 
anbe further redu
ed by pla
ing depth restri
tions on indexing, or possibly by usingte
hniques su
h as pruning and 
ollapsing.A se
ond advantage is that path indexing involves no ba
ktra
king. Symbols inthe query term are inspe
ted at most on
e, thus leading to better retrieval time.The insertion and deletion operations on the index are also very eÆ
ient, typi-
ally beating the times for insertion and deletion operations for other indexingte
hniques.One of the main disadvantages is the 
ost of 
ombining intermediate results.This leads to de
reased retrieval performan
e. As 
ompared to the other indexingte
hniques, path indexing 
an be useful for retrieving instan
es or implementingba
kward subsumption. The performan
e be
omes worse for retrieving uni�ableterms or generalizations.6. Dis
rimination trees6.1. OverviewIn dis
rimination tree indexing, we generate a single p-string from ea
h of theindexed terms. This p-string is obtained via a preorder traversal of the terms. Wethen build a trie 
onsisting of these p-strings.By exploiting the nature of preorder traversals, we 
an develop a more optimizedrepresentation for the p-strings. In parti
ular, note that given that the fun
tionsymbols have prede�ned arities, there is a unique 
orresponden
e between the string
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Figure 12: Example of dis
rimination tree indexingobtained by preorder traversal and the term, even when the position information is
ompletely ignored. Thus, we 
an use a simpli�ed representation where the positioninformation is no longer used. Moreover, we 
an annotate the �nal states in thetrie with the 
andidate set M 
orresponding to the state. There is no need for(potentially expensive) 
ombination operations that were required in the 
ase ofpath indexing.We illustrate dis
rimination tree indexing with the following example.(1) f(g(a; �); 
); (2) f(g(�; b); �); (3) f(g(a; b); a);(4) f(g(�; 
); b); (5) f(�; �):The following p-strings are obtained from these terms. We have omitted the positioninformation from the p-strings.f:g:a: � :
 f1gf:g: � :b:� f2gf:g:a:b:a f3gf:g: � :
:b f4gf: � :� f5gThe index for retrieval of generalizations of the query term f(g(a; 
); b) is shown inFigure 12. To understand the pro
ess of indexing, note that the string 
orrespondingto the query term is f:g:a:
:b. We 
ompare the symbols in this string su

essivelywith the symbols on the edges in the path from the root to state 5. At this point, we
annot take the left path, as the symbol b on this edge 
on
i
ts with the symbol 




Term Indexing 1885in the query term. However, the symbol � on the edge leading to state 9 is entirelyplausible, sin
e taking this edge 
orresponds �nding a generalization (namely, avariable) of the subterm 
 of the query term. However, we 
annot pro
eed furtherfrom state 9, so we have to ba
ktra
k to state 3. At this point, we 
an follow downthe � bran
h all the way down the �nal state 15, identifying 
andidate term 4. Ifwe are interested in all generalizations, we have to ba
ktra
k further to state 2, andthen �nally follow down to state 7, identifying 
andidate term 5.Finally, we note that in order to perform retrieval of uni�able terms and instan
es,we must eÆ
iently deal with situations where the query term has a variable at apoint where the indexed terms 
ontain a fun
tion symbol. In su
h a 
ase, we needa me
hanism to eÆ
iently skip the 
orresponding subterms in the indexed terms.We 
an make use of jump lists for this purpose.Earliest known implementations of dis
rimination trees are due to Green-baum [1986℄. Subsequently, Christian [1989℄ developed the 
atterm represen-tation for use in dis
rimination trees, and this resulted in ex
ellent speedups[Christian 1989, Christian 1993℄. Dis
rimination trees have been further studiedextensively by M
Cune [1992℄ and Graf [1996℄. They are used extensively in theprovers Otter, Waldmeister, and E.6.2. Indexing algorithms6.2.1. Index 
onstru
tion and maintenan
eConstru
tion of a dis
rimination tree is straightforward. We start with an emptytree, and su

essively insert ea
h of the indexed terms into the tree. This is a

om-plished by 
onstru
ting the preorder string from the term to be inserted, and theninserting this string into the tree. Sin
e the index is a trie, algorithms for insert-ing strings into the trie are well known and not dis
ussed further here. Figure 13illustrates the insertion operation on dis
rimination trees.Deletion operation 
an also be performed readily, sin
e it amounts to deleting the
orresponding preorder string from a trie. Deletion operation is illustrated in Fig-ure 14. Introdu
tion of jump lists 
ompli
ates the insertion and deletion algorithms.E�e
tiveness of jump lists in pra
ti
e was not studied.6.2.2. Term traversal operationsIn this and following se
tions we introdu
e algorithms for several retrieval opera-tions. These algorithms will use fun
tions for term traversal introdu
ed below.For te
hni
al purposes we extend P(t) by a spe
ial obje
t " 
alled the end positionin t. The set P(t) [ f"g will be denoted by P+(t). When it is ne
essary to tell theend position from the other positions, we 
all the positions in P(t) proper positions .We denote by < the lexi
ographi
 ordering on positions extended in the followingway: p < " for any proper position p. To perform traversal of a term t we will needtwo operations on proper term positions: nextt and after t, whi
h 
an be informallyexplained as follows. Represent the term t as a tree and imagine a term traversalin the left-to-right, depth-�rst dire
tion. Suppose t=p = s. Then t=nextt(p) is the
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{2} {4}Figure 13: Insertion of term f(g(b; 
); �)subterm of t visited immediately after s, and t=after t(p) is the subterm visitedimmediately after traversal of all subterms of s. Formally, let � = p1 < : : : < pn <pn+1 = " be all positions in t. Then nextt(pi) = pi+1 for all i � n. The de�nition ofafter t is as follows: after t(pi) = pj , where j is the smallest number su
h that j > iand for all i < k < j the position pi is a pre�x of pk.Figure 15 illustrates the behavior of next and after on the positions in the termf(f(a; a); a).6.2.3. Retrieval of generalizationsAn algorithm for retrieval of generalizations from a dis
rimination tree is shown inFigure 16.Even though the automata for path indexing look quite di�erent from those fordis
rimination tree indexing, the retrieval algorithms have mu
h in 
ommon. Inparti
ular, only steps 6 and 10 in the above algorithm are di�erent from path in-dexing retrieval algorithm. Out of these two steps, the di�eren
e at step 6 arisesdue to (a) the fa
t that no interse
tion operations need to be performed in dis
rim-ination tree, and (b) be
ause the next position to visit is impli
it, and needs tobe 
omputed based on the 
urrent position being inspe
ted and the query term titself. The di�eren
e at step 10 arises be
ause V� would be a �nal state in a pathindex, whereas in a dis
rimination tree, it will have further des
endants in general,and hen
e the trie needs to be traversed further. The se
ond di�eren
e arises againbe
ause of impli
it traversal, whi
h in this 
ase, requires us to skip all positions inu that are the 
hildren of p. The problem is 
aused by embedded variables , i.e., thevariables at the position p in the query term su
h that some indexed terms have anonvariable at the position p.
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Figure 15: nextt and after t on the positions in t = f(f(a; a); a). Solid straight linesand dashed ar
s depi
t nextt and after t respe
tively.
Note that instead of returning the entire set, it may be preferable to return the
andidate terms one at a time. This 
an be a

omplished by using a ba
ktra
kingalgorithm. In parti
ular, instead of 
omputing a union at step 10, we would seta 
hoi
e point. Later on, in order to retrieve the next 
andidate term, we wouldba
ktra
k to this 
hoi
e point, and then explore the `�' transition.



1888 R. Sekar, I.V. Ramakrishnan, and A. Voronkovfun
tion retrieve(index state V , term t, position p) returns set of terms C1. C := �2. if 9 a transition from state V to another state V 0 labeled with root (t=p) then3. if V 0 is a �nal state4. then C := CV 05. else6. C := retrieve(V 0; t; next t(p))7. endif8. endif9. if 9 a transition from V to a state V� labeled with �10. then C := C [ retrieve(V�; t; after t(p))11. return CFigure 16: Algorithm for retrieval of generalizations from a dis
rimination treefun
tion retrieve( index state V , term t; position p) returns set of terms C1. if t=p =`*'2. then C = SV 02JumpList(V ) retrieve(V 0; t;nextt(p))3. else4. C := �5. if 9 a transition from state V to a state V 0 labeled with root(u=p) then6. if V 0 is a �nal state7. then C := CV 08. else9. C := retrieve(V 0; t;nextt(p))10. endif11. endif12. if 9 a transition from V to a state V� labeled with �13. then C := C [ retrieve(V�; t; after t(p))14. endif15. return CFigure 17: Algorithm for retrieval of uni�able terms from a dis
rimination tree6.2.4. Retrieval of uni�able termsAn algorithm for retrieval of uni�able terms from a dis
rimination tree is shown inFigure 17. In this �gure we denote by JumpList(V ) the jump list for a state V .Note again that the algorithm for retrieval of uni�able terms is similar to the
orresponding algorithm for path indexing. The di�eren
es arise mainly be
auseof the reasons as before: the traversal order is impli
it in dis
rimination trees, sothe next position to visit has to be 
omputed expli
itly. Also, when a variable isinspe
ted in the query term, we need to skip the 
orresponding portions of theindexed terms, whi
h is a

omplished using the jump lists.Figure 18 illustrates this algorithm. We need to make use of the jump lists for
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Figure 18: Retrieval of terms uni�able with f(g(b; �); a)eÆ
iently skipping portions of the dis
rimination tree that 
orrespond to a variablein the query term. In the general 
ase, there is a jump link from every node inthe tree to all its des
endent states that examine the position immediately afterall of the positions within the 
urrent subterm. The storage for su
h links 
an besubstantial, and would 
lutter the pi
ture. So, we have shown jump lists only forthose nodes where jump links go to a state di�erent from the immediate 
hild of anode.6.3. VariationsPerfe
t dis
rimination trees were proposed by M
Cune [1992℄. Su
h trees deal withnonlinearity, and are hen
e perfe
t �lters. To deal with nonlinearity, these trees usenamed variables, as opposed to the anonymous variable `*' in standard dis
rimina-tion trees. However, using di�erent variables in di�erent terms will adversely a�e
tthe ability to share pre�xes of preorder strings in the tree, and hen
e lead to exten-sive ba
ktra
king. To avoid this, variables in indexed terms are normalized so thatthe same set of variables 
an be used a
ross di�erent indexed terms in a 
onsistentmanner. For instan
e, we 
ould use xi to denote the ith distin
t variable in anindexed term. Then the term f(y; g(y; z)) will be represented as f(x1; g(x1; x2)).Another possibility is to linearize the term, i.e., represent every o

urren
e of a vari-able as a distin
t variable and also store in the index equality 
onstraints indi
atingwhi
h variables in the indexed term are equal. For example, the term f(y; g(y; z))will be represented as f(x1; g(x2; x3)) plus the equality 
onstraint x1 = x2. Equality
onstraints are used in [Rivero 2000, Riazanov and Voronkov 2000b℄.



1890 R. Sekar, I.V. Ramakrishnan, and A. VoronkovDepth-limiting [M
Cune 1992℄ is an approa
h to limiting the size of the dis
rim-ination tree, possibly at the expense of retrieval time.Deterministi
 dis
rimination trees [Graf 1991℄ are a variation that avoids ba
k-tra
king altogether. Thus, in a single s
an of the \relevant portions" of the queryterm, we 
an determine all of the 
andidate terms. Deterministi
 trees have beenproposed mainly in the 
ontext of retrieving generalizations. They avoid statesthat have transitions on variables and nonvariables, sin
e su
h states ne
essitateba
ktra
king. This is a

omplished by sele
tively instantiating some of the variablepositions in ea
h indexed term t to obtain a set of instan
es T of the indexed termsu
h that the set of ground instan
es of t is identi
al to the set of ground instan
esof all of the terms in T . For instan
e, the set of termsff(g(a; �); 
); f(g(�; b); �); f(g(�; 
); b)gwould be expanded into the setff(g(a; b); 
); f(g(a; b); 6=); f(g(a; 
); 
); f(g(a; 
); b); f(g(a; 6=); 
); f(g(6=; 
); b)g;where the symbol 6= is a wild
ard symbol that mat
hes every fun
tion symbol ex
eptthose o

urring at that position in the original terms. Note that su
h expansionresults in an explosion in the number of indexed terms | in fa
t, the blow up
an be exponential. Deterministi
 automata are used in appli
ations where theindexed terms 
hange very infrequently, e.g., fun
tional programming and termrewriting with (almost) �xed set of rules. We will 
onsider a generalized version ofdeterministi
 automata in the next se
tion.6.4. Summary of advantages and disadvantagesDis
rimination trees improve over path indexing in avoiding the expensive set in-terse
tion operations that are required to obtain 
andidate terms from 
andidatep-strings. One disadvantage is that they tend to use more storage, sin
e we 
annotshare states for examining symbols at a position p from multiple indexed termsunless they have identi
al symbols in every position p0 that pre
edes p in preordertraversal. Similar sharing in path indexing only requires that the terms are identi
alin positions that are an
estors of p. Spa
e usage is exa
erbated signi�
antly if jumplists are maintained. Maintenan
e of jump links also makes insertion and deletionoperations signi�
antly more expensive. A se
ond disadvantage is that ba
ktra
kingis typi
ally required in retrieval operations, ne
essitating reexamination of symbols.However, this overhead is typi
ally small as 
ompared to the 
ost of set interse
tionoperations in path indexing.Perfe
t dis
rimination trees improve on standard trees in their ability to in
or-porate tests for 
onsisten
y of substitutions in the index. Moreover, the bindingoperations (i.e., operations for 
omputing substitutions) 
an be shared a
ross mul-tiple indexed terms. However, sin
e 
onsisten
y 
he
king operations 
an be veryexpensive (e.g., when the substitutions being 
ompared are large), introdu
tion of



Term Indexing 1891these operations into the index 
an degrade performan
e. It would be better topostpone these expensive operations so that they o

ur after the simpler opera-tions of 
he
king for the o

urren
e of a symbol at a position. Su
h reordering ispossible with some of the te
hniques des
ribed later on in this paper.Deterministi
 dis
rimination trees improve upon standard trees in that no ba
k-tra
king is required for retrieval. The downside is that they 
an be very large{ whereas the size of standard dis
rimination trees (measured as the number ofnodes) is linear in the sum of sizes of indexed terms, the worst 
ase size of deter-ministi
 trees 
an be exponential in the number of indexed terms. This also meansthat insertion and deletion operations in the index are expensive. Thus, determin-isti
 trees are suitable primarily for appli
ations where retrieval performan
e isimportant, and eÆ
ien
y of maintenan
e operations is not a 
on
ern.7. Adaptive automata7.1. OverviewFor 
onstru
ting adaptive automata, we generate one p-string from ea
h indexedterm. The traversal order for generating the p-string is not �xed a priori, as in the
ase of dis
rimination trees. Instead, the traversal order is adapted to suit the set ofindexed terms. The adaptation is designed to minimize the size of the automatonand the retrieval time.Although adaptive automata 
an use ba
ktra
king, they have been studied pri-marily in the 
ontext of deterministi
 automata for retrieving generalizations. Inparti
ular, this means that no state in the automaton has a transition on a fun
tionsymbol and a variable. The traversal order for generating the p-strings is designedin su
h a way as to avoid 
onstru
ting su
h states. When su
h bran
hes be
omeunavoidable, the indexed term 
ontaining the variable is instantiated at this posi-tion with all possible symbols that 
an appear in this 
ontext. Index 
onstru
tionthen pro
eeds with these instan
es in pla
e of the term 
ontaining the variable.In generating p-strings for adaptive automata, we ensure that all p-strings witha 
ommon pre�x examine the same position after this pre�x. When we 
onstru
t atrie of su
h p-strings, we have a unique transition out of any automaton state thatexamines a position. Thus, we 
an optimize the representation by storing the nextposition to inspe
t as part of an automaton state, rather than 
reating a transitionbased on this position. A se
ond optimization, whi
h applies to all deterministi
automata, is that the �nal states dire
tly yield all possible 
andidate terms | thereis no need to sear
h any further.In this se
tion we assume that the set of indexed terms is prioritized, i.e., wehave a fun
tion priority(l), whi
h allows us to 
ompare priorities of indexed terms,i.e., 
he
king if priority(l) � priority(l0) holds for given indexed terms l; l0. Let usgive an example. Consider the set 
onsisting of the following three terms:(1) f(x; a; b); (2) f(b; a; a); (3) f(x; a; y);
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Figure 19: A left-to-right automaton and an adaptive automatonwhere the terms with the smaller number have the largest priority. Figure 19 showsa left-to-right automaton and an adaptive automaton for this set of terms.Adaptive traversals, as embodied in adaptive automata, possess the followingadvantages over �xed-order traversals su
h as the left-to-right traversal used indis
rimination trees:� adaptive automata are typi
ally smaller, e.g., 8 states vs. 11 states in the ex-ample. The redu
tion fa
tor 
an even be
ome exponential.� retrieval requires lesser time, e.g., left-to-right automaton needs to inspe
t fourpositions to announ
e a mat
h of the query term f(
; a; b) against indexed term1, whereas the adaptive automaton inspe
ts only a proper subset of these posi-tions. Examining unne
essary symbols is espe
ially undesirable in the 
ontextof lazy fun
tional languages.In the rest of this se
tion, we use the term \mat
hing automata" synonymouslywith index.The origins of adaptive indexing 
an be tra
ed ba
k to the development of
omplete normalization strategies for a subset of orthogonal rewrite systems[Dershowitz and Jouannaud 1990℄ 
alled strongly sequential systems [Huet andLevy 1978, Huet and Levy 1991℄. This work was extended for lazy fun
tional lan-guages in [Laville 1988, Laville 1987, Puel 1990, Maranget 1992, Kennaway 1990℄.The te
hnique was studied in the 
ontext of arbitrary terms in [Sekar, Ramesh andRamakrishnan 1992℄.7.2. Indexing algorithmsIn this se
tion, we develop algorithms for 
onstru
ting adaptive automata for aprioritized set of indexed terms, and using them for retrieval of generalizationsof a query term. The idea behind the 
onstru
tion of adaptive automata is the



Term Indexing 1893following. We \guess" the query term t position by position, and build an automatonfor retrieval of generalizations of t using the information about 
urrently knownpositions. The \so far guessed" part of t is a linear term that will be denoted byu. We have u � t; this implies that every indexed term l 
ompatible with t (i.e.,l � t) must also unify with u. Sometimes, we 
an �nd the mat
h for t without
omplete inspe
tion of t, but only using partial information about t available inu. This happens when we �nd out that some indexed term l is 
ompatible with ubut no indexed term l0 of a higher priority is uni�able with u). This suggests thefollowing de�nition.7.1. Definition. A term l 2 L L-mat
hes u if l � u, and no l0 2 L with prioritygreater than that of l uni�es with u. Given a term u, we de�ne its mat
h set ,denoted by Lu, as the set of terms in L uni�able with u.Intuitively, Lu 
onsists of all indexed terms that 
an potentially be generalizationsof t. We will use the wild
ard 6= in the term u in the following way: 6= uni�es withany variable, but does not unify with a nonvariable symbol.7.2.1. Index 
onstru
tionThe algorithm Build for 
onstru
ting an adaptive automaton is shown in Figure 20.A state V of the automaton remembers the pre�x u of a query term that wouldhave been inspe
ted while rea
hing that state from the start state. Suppose that pis the next position inspe
ted from V . Then there are transitions from V on ea
hdistin
t symbol 
 that appears at p for any l 2 Lu. There will also be a transitionfrom V on 6= whi
h will be taken on inspe
ting a symbol di�erent from those onthe other edges leaving V .The symbol 6= appearing at a position p denotes the inspe
tion of a symbol inthe input that does not o

ur at p in any indexed term in Lu. This implies thatif a pre�x u has 6= at a position p then every indexed term that 
ould potentiallymat
h an instan
e of u must have a variable at or above p.Pro
edure Build is re
ursive, and the automaton is 
onstru
ted by invokingBuild (s0; x) where s0 is the start state of the automaton. Build takes two pa-rameters: V , a state of the automaton and u, the pre�x examined in rea
hing V .The invo
ation Build (V; u) 
onstru
ts the subautomaton rooted at V .At line 2, the termination 
ondition is 
he
ked. By the de�nition of indexed termmat
h, we need to rule out possible mat
hes with higher priority indexed termsbefore de
laring a mat
h for a lower priority indexed term. Sin
e the mat
h set Lu
ontains all indexed terms that 
ould possibly mat
h the pre�x u, we simply needto 
he
k that ea
h indexed term in the mat
h set is either already in l or has alower priority than l.If the termination 
onditions are not satis�ed then the automaton 
onstru
tionis 
ontinued at lines 5 through 12. At line 5, the next position p to be inspe
tedis sele
ted and this information is re
orded in the 
urrent state in line 6. Lines 7,8 and 9 
reate transitions based on ea
h symbol that 
ould appear at p for anyindexed term in Lu. In line 9, Build is re
ursively invoked with the pre�x extended
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edure Build(indexstateV; termu)1. let M denote the set of all indexed terms that mat
h u.2. if M = flg and 8 l0 2 Lu priority(l) � priority(l0) then3. mark V with flg and terminate4. else5. p = sele
t(u); /� sele
t is a fun
tion to 
hoose the next position to inspe
t �/6. pos[V ℄ = p; /� Next position to inspe
t is re
orded in the pos �eld �/7. for ea
h nonvariable symbol 
 for whi
h 9l 2 Lu with root(l=p) = 
 do8. 
reate a new node V
 and an edge from V to V
 labeled 
;9. Build(V
; u[
(y1; : : : ; yn)℄p) /� y1; : : : ; yn are new variables, n is the arity of 
 �/10. if 9l 2 Lu with a variable at p or above p then11. 
reate a new node V6= and an edge from V to V6= labeled 6=;12. Build(V6=; u[6=℄p)Figure 20: Constru
tion of adaptive automata
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; 
); b)l1 : f(�; a(b; �; b); b) 6 �I l4 l3l2l11. States are labeled by the next position to beinspe
ted upon rea
hing that state.2. All of the states marked with an s a
tually de-note a subautomaton that is identi
al to the au-tomaton rooted at the state labeled with 1.Figure 21: Example of an adaptive indexing automatonto in
lude the symbols seen on the transitions 
reated at line 8. If there is an indexedterm in Lu with a variable at or above p then a transition on 6= is 
reated at line11 and Build is re
ursively invoked at line 12. The re
ursive 
alls initiated at lines9 and 12 together will 
omplete the 
onstru
tion of the subautomaton rooted atstate V . An example adaptive automaton built using this algorithm is shown inFigure 21.7.2.2. Retrieval of generalizationsAn algorithm for retrieval of generalizations is shown in Figure 22.As 
ompared to dis
rimination trees, the retrieval algorithm is further simpli�ed:there is no ba
ktra
king involved, and the �nal state rea
hed dire
tly yields all ofthe 
andidate terms. In addition to spe
ifying all of the 
andidate terms, the �nal
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tion retrieve(IndexState V;Term t) returns set of terms1. if 9 a transition from V to another state V 0labeled with root(t=pos[V ℄) or else with 6= then2. if V 0 is a �nal state labeled with flg then3. return flg4. else5. return retrieve(V 0; t)6. endif7. else8. return ;9. endif Figure 22: Retrieval of generalizations from adaptive automatastate 
an also store the substitution for ea
h of the 
andidate terms, i.e., therewould be no need to expli
itly 
ompute the substitution at retrieval time.7.2.3. Time and spa
e 
omplexityThe primary obje
tive of a sele
tion fun
tion is to redu
e the automaton size and/orthe mat
hing time. Therefore it is important to know how we measure these quan-tities. A natural measure of the size of an automaton is the number of states init. However, this measure has the drawba
k that minimization of total number ofstates is NP-
omplete, even for the simple 
ase of indexed terms with no variables[Comer and Sethi 1976℄. This makes it impossible to develop eÆ
ient algorithmsthat build an automaton of smallest size, unless P = NP. Even so, we would still liketo show that 
ertain algorithms are always better than others for redu
ing the size.One way to do this is to 
hoose an alternative measure of size that is 
losely relatedto the original size measure, yet does not have the drawba
k of NP-
ompletenessof its minimization. A natural 
hoi
e in this 
ase is the breadth of the automaton,whi
h is 
losely related to the total number of states.As for mat
hing time, it is easy to de�ne the time to mat
h a given term usinga given automaton: it is simply the length of the path in the automaton fromthe root to the �nal state that a

epts the given term. However, what we wouldlike is a time measure that does not refer to input terms. We 
ould asso
iate anaverage mat
hing time with an automaton, but this would require information thatis not easily obtained: the relative frequen
ies with whi
h ea
h of the paths in theautomaton are taken3. Therefore, instead of de�ning a time measure that totallyorders the automata for a spe
i�
 distribution of input terms, we use the followingmeasure that partially orders them independent of the distribution. Let MT (s; A)denote the length of the path in (automaton) A from the start state to the a

eptingstate of the ground term s. If s is not a

epted by A then MT (s; A) is unde�ned.3It is possible to assume that all terms over � are equally likely and derive a mat
hing timeon this basis, but su
h assumptions are seldom justi�ed or useful in pra
ti
e.



1896 R. Sekar, I.V. Ramakrishnan, and A. VoronkovClass of Terms Lower Upper Lower Upperbound bound bound boundon spa
e on spa
e on time on timeUnambiguous, no priority 
(2p�) O(Qni=1 jlij) 
(�) SUnambiguous, with priority 
(�n�1) O(Qni=1 jlij) 
(S) SAmbiguous 
(�n�1) O(Qni=1 jlij) 
(S) SNotationli : ith indexed termn : Number of Indexed TermsS : Total number of nonvariable symbols in indexed terms� : Average number of nonvariable symbols in indexed termsFigure 23: Spa
e and mat
hing time 
omplexity of adaptive automata.We now examine upper and lower bounds on the spa
e and mat
hing time 
om-plexity of adaptive tree automata for several 
lasses of terms. Sin
e the traversalorder itself is a parameter here, we �rst need to 
larify what we mean by upper andlower bounds. By an upper bound, we refer to an upper bound obtained by usingthe best possible traversal for a set of indexed terms, i.e., a traversal that minimizesspa
e (or time, as the 
ase may be). The rationale for this de�nition is that for ev-ery set of indexed terms, there exist traversal orders that 
an result in the worstpossible time or spa
e 
omplexity. Clearly, it is not interesting to talk about theupper bound on size of the automaton obtained using su
h a (deliberately 
hosen)nonoptimal traversal order. Our lower bounds refer to the lower bounds obtainedfor any possible traversal order.The 
omplexity results on size and mat
hing time of adaptive automata are shownin Figure 23. In this �gure, \unambiguos" means that the indexed terms do notunify with one another.7.2.4. Greedy strategies for minimizing spa
eRepresentative Sets. Consider the indexed terms in Figure 21 and the pre�x u =f(�; a(b; �; b); �). Although Lu = fl1; l4g, observe that a mat
h for l4 
an be de
laredonly if the 3rd argument of f is b. In su
h a 
ase we de
lare a mat
h for the higherpriority indexed term l1.Inspe
ting any position only on behalf of a indexed term su
h as l4 is wasteful,e.g., inspe
tion of position 1 for u is useless sin
e it is irrelevant for de
laring a mat
hfor l1. We 
an avoid inspe
ting su
h positions by 
onsidering the representative setinstead of a mat
h set for a pre�x u. A representative set is de�ned formally asfollows:7.2. Definition. A representative set Lu of a pre�x u with respe
t to a set of



Term Indexing 1897indexed terms L is a minimal subset S su
h that the following 
ondition holds forevery l in L:8t � u (l � t)) 9l0 2 S [(l0 � t) ^ (priority(l0) � priority(l))℄: (7.1)All these strategies sele
t the next position based on lo
al information su
h asthe pre�x and the representative set asso
iated with v or its 
hildren. Let p denotethe next position to be sele
ted.1. Sele
t a p su
h that the number of distin
t nonvariables at p, taken over allindexed terms in Lu is minimized. This strategy attempts to minimize the sizeby lo
al minimization of breadth of the automata. It does not attempt to redu
emat
hing time.2. Sele
t a p su
h that the number of distin
t nonvariables at p, taken over allindexed terms in Lu is maximized. The rationale here is that by maximizingthe breadth, a greater degree of dis
rimination is a
hieved. If we 
an qui
klydistinguish among the indexed terms, then the (potentially) exponential blow-up 
an be 
ontained. Furthermore, on
e we distinguish one indexed term fromthe others, we no longer inspe
t unne
essary symbols and so mat
hing time 
analso be improved.3. Sele
t a p su
h that the number of indexed terms having nonvariables at p ismaximized. The motivation for this strategy is that only indexed terms withvariables at p are dupli
ated in the representative sets of the des
endants ofthe 
urrent state v of the automaton. By minimizing this number of indexedterms that are dupli
ated, we 
an 
ontain the blow-up. Furthermore, this 
hoi
eminimizes the probability of inspe
ting an unne
essary position: it is a ne
essaryposition for the most number of indexed terms.4. Let L1; : : : ;Lr be the representative sets of the 
hildren of v. Sele
t a p su
hthat �ri=1jLij is minimized. Note that the main reason for exponential blow-upis that many indexed terms get dupli
ated among the representative sets of the
hildren of v. This strategy lo
ally minimizes su
h dupli
ation (sin
e �ri=1jLijis given by the size of Lu plus the number of indexed terms that are dupli
atedamong the representative sets of the 
hildren states.) For improving time, thisstrategy again lo
ally minimizes the number of indexed terms for whi
h anunne
essary symbol is examined at ea
h of the 
hildren of v.All of the above greedy strategies su�er from the drawba
k that:7.3. Theorem. For ea
h of the above strategies there exist indexed term sets forwhi
h automata of smaller size 
an be obtained by making a 
hoi
e di�erent fromthat given by the strategy.The proof is established by providing indexed term sets for whi
h automata ofsmaller size 
an be obtained by using a strategy di�erent from ea
h of those men-tioned above. The 
ontrived nature of the example, however, shows that although
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h failures may be atypi
al. Even whenthey fail, as in the above example, they still appear to be signi�
antly better than�xed order traversals.7.2.5. Redu
ing mat
hing time by sele
ting index positionsWe now propose another important lo
al strategy that does not su�er from thedrawba
ks of the greedy strategies dis
ussed in the previous se
tion. The key ideais to inspe
t the so-
alled index positions in u whenever they exist. This strategyyields automata of smaller (or same) size and superior (or same) mat
hing timethan that obtainable by any other 
hoi
e.We 
all an index position any position p in the fringe of u su
h that every instan
eof u for whi
h there is a mat
h in L, u=p is a nonvariable. A set of terms is 
alled
onstru
tor-based if the outermost symbol in every term is di�erent from all of thenonoutermost symbols in all other terms. It is strongly sequential if every pre�x ofevery indexed term has an index position.7.4. Theorem. Adaptive automata are spa
e and time optimal for strongly sequen-tial 
onstru
tor systems.This result is very important in the 
ontext of 
omplete normalization strategiesfor 
onstru
tor-based orthogonal systems. Su
h systems form the basis of lazy fun
-tional programming languages su
h as Haskell and Hope. In lazy fun
tional lan-guages, evaluation (of input terms) is 
losely 
oupled with mat
hing. Spe
i�
ally,a subterm of the input term is evaluated only when its root symbol needs to be in-spe
ted by the mat
her. If there are subterms whose evaluation does not terminate,then an evaluator that uses an algorithm that identi�es mat
hes without inspe
-tion of su
h subterms 
an terminate, whereas use of algorithms that do inspe
t su
hsubterms will lead to nontermination.Sin
e the set of positions inspe
ted to identify a mat
h is dependent on thetraversal order used, the termination properties also depend upon the traversalorder. In order to make sure that the program terminates on input terms of interestto the programmer, the programmer may have to reason about the traversal orderused. In parti
ular, the programmer 
an 
ode his/her program in su
h a way that(for terms of interest to him/her) the mat
her will inspe
t only those subtermswhose evaluation will terminate. This implies that the programmer must be madeaware of the traversal order used even before the program is written | thereby rulingout synthesis of arbitrary traversal orders at 
ompile time. Given this 
onstraint onpreserving termination properties, a natural question is whether the traversal order
an be \internally 
hanged" by the 
ompiler in a manner that is transparent to theprogrammer. Thus, given a traversal order T that is assumed by a programmer,
an we make use of another traversal order S internally su
h that S is typi
allybetter than T , and is formally guaranteed to be no worse than T . We de�ne su
ha traversal order below, based on the notion of index positions.Given a traversal order T , denote by S(T ) the traversal order su
h that, for apre�x u, S(T ) sele
ts the next position p in fringe of u su
h that:



Term Indexing 1899� p is an index position, if u has index positions;� p that is 
hosen by T , otherwise.7.5. Theorem. (i) S(T ) is no worse than T in terms of spa
e 
onsumption as wellas retrieval time. (ii) In lazy fun
tional programs, every program that terminateswhen mat
hing using T is used will also terminate with S(T ).7.2.6. Minimizing spa
e usage using DAG-automataOne of the main reason for the exponential spa
e requirement is the use of treestru
ture in representing the automaton. La
k of sharing in trees results in dupli-
ation of fun
tionally identi
al subautomata leading to wastage of spa
e. A naturalsolution to this problem is to implement sharing with the help of dag stru
ture(instead of tree).An obvious way to a
hieve sharing is to use standard FSA minimization te
h-niques. A method based on this approa
h �rst 
onstru
ts the automaton (usingalgorithm Build) and then 
onverts it into a (optimal) dag. However, the size ofthe tree automaton 
an be exponentially larger than that of the dag automaton.Therefore use of FSA minimization te
hnique is bound to be very ineÆ
ient. Toover
ome this problem we must 
onstru
t the dag automaton without generating itstree stru
ture �rst. This means we must identify equivalen
e of two states withouteven generating the subautomata rooted at these states.Central to our 
onstru
tion (of dag automaton) is a te
hnique that dete
ts equiv-alent states based on the representative sets. Consider two pre�xes u and u0 thathave the same representative set Lu. Suppose that u and u0 di�er only in thosepositions where every indexed term in Lu has a variable. Sin
e su
h positions areirrelevant for determining a mat
h, these two pre�xes are equivalent. On the otherhand, it 
an also be shown that if they have di�erent representative sets or di�erin any other position then they are not equivalent. Based on this observation, wede�ne the relevant pre�x of u as follows. Let p1; p2; : : : ; pk denote (all of the) posi-tions in u su
h that for ea
h pi there is at least one indexed term in Lu that hasa variable at pi and all other indexed terms in Lu have a variable either at pi orabove it. The relevant pre�x of u is thenu[ 6=℄p1 [ 6=℄p2 � � � [ 6=℄pk :7.6. Theorem. The automaton obtained by merging states with identi
al relevantpre�xes is optimal.Merging equivalent states as des
ribed above 
an substantially redu
e the spa
erequired by the automata, e.g., the tree automaton in Figure 21 has 25 stateswhi
h 
an now be redu
ed to 16 by sharing.We 
an show that the upper bound on size of dag automata is O(2nS) whi
h ismu
h smaller than the 
orresponding bound O(Qni=1 jlij) for tree automata. We 
analso establish a lower bound of O(2�) for ambiguous indexed terms. For unambigu-ous indexed terms, it is unknown whether the lower bound on size is exponential.
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omplexity for building adaptive automataSome of the 
entral problems in 
omputing adaptive automata are the 
omputationof index positions and 
omputation of representative sets. Both problems 
an besolved in quadrati
 time in the worst 
ase for untyped languages. However, in thepresen
e of types:� Computing index positions is 
oNP-
omplete for typed terms, but there existsa polynomial time algorithm for untyped terms.� Computing a representative set is NP-
omplete for typed terms, but takes poly-nomial time for untyped terms.7.3. Summary of advantages and disadvantagesThe primary advantage of adaptive automata are that they 
an be more 
ompa
tand faster than dis
rimination trees. Like deterministi
 dis
rimination trees, theyrequire no ba
ktra
king, but in general, this is a
hieved with a smaller automaton.A disadvantage is that index maintenan
e operations may be more expensive. How-ever, this is hard to assess, sin
e the 
ost of these operations is 
losely related tothe size of the index.The bene�ts of adaptive automata outweigh the 
osts in appli
ations where re-trieval 
ost is to be minimized, while the 
ost of index 
onstru
tion or maintenan
eoperations is not a 
on
ern. This is parti
ularly true in de
larative language imple-mentations. Adaptive indexing te
hnique provides the basis for 
omplete evaluationalgorithms for (lazy) fun
tional languages.While the size of adaptive automaton 
an be large in general, the algorithm forsharing equivalent states redu
es this spa
e requirement signi�
antly. The samealgorithm is appli
able for deterministi
 dis
rimination trees as well. The spa
esavings produ
ed by this algorithm are more signi�
ant in the 
ase of deterministi
dis
rimination trees.Ba
ktra
king adaptive automata provide an alternative approa
h that does notsu�er from the spa
e blowups asso
iated with deterministi
 automata. The insertionand deletion operations are also rendered faster. Ba
ktra
king adaptive indexingstill provides advantages over dis
rimination trees in terms of spa
e usage as wellas size.8. Automata-driven indexing8.1. OverviewAutomata-driven indexing is an indexing te
hnique that is based on string-mat
hing. When a query term is 
he
ked for 
ompatibility with a set of indexedterms, the substitution operations may have to be repeated for ea
h 
andidate term,as the substitutions 
omputed for di�erent indexed terms may be di�erent. For thisreason, this te
hnique fo
uses ex
lusively on sharing of the 
omparison operations



Term Indexing 1901that involve nonvariable symbols in the indexed and query terms. Spe
i�
ally, theindex in this approa
h is built from preorder strings, obtained from ea
h indexedterm as follows:� traverse the term in preorder;� break the p-string thus obtained at variable positions to get several strings,possibly as many as the number of variables in the term plus one.For instan
e, 
onsider the query term and indexed term shown in Figure 24, whi
hwill be used as the running example to illustrate the te
hnique in the rest of thisse
tion. We have deliberately used an example with just a single indexed term inorder to simplify the illustrations. The indexed term f(g(a; a; h(y)); h(a)) shown inthe �gure gives rise to two preorder strings: h�; fih1; gih1:1; aih1:2; aih1:3; hi andh2; hih2:1; ai. The term f(a; x; y) (not shown in the �gure) generates just a singlepreorder string h�; fih1; ai.In automata-driven indexing, a string-mat
hing automaton is 
onstru
ted fromthe preorder strings obtained from the indexed terms. The preorder strings fromthe query term are run through this automaton. The automaton states rea
hedin this pro
ess 
apture all of the information relating to the nonvariable symbolsin the query term. This information will be suÆ
ient to determine the 
andidateterms from the indexed set, i.e., there will be no need to examine the query termsymbols again. In prin
iple, this te
hnique 
an be used to retrieve uni�able terms,generalizations as well as instan
es. Another important feature of this te
hnique isthat it 
an be easily applied to retrieve indexed terms that are instan
es of (or areuni�able with) all subterms of the query term, rather than being limited to rootmat
hes only [Ramesh, Ramakrishnan and Sekar 1994℄. We will, however, limitourselves to the problem of uni�ability of indexed terms with a query term.Note that the preorder strings obtained in the manner des
ribed above do not �tthe de�nition of p-strings, sin
e some of the preorder strings 
an 
ontain des
endantpositions without 
ontaining the an
estor positions. We 
an rework the de�nitionof p-strings to a

ommodate this, but it is in fa
t simpler to de�ne the notion ofuni�ability with respe
t to preorder strings.8.1. Definition (preorder string uni�ability). A preorder string S � hp1; s1ihp2; s2i � � � hpn; sni is said to be uni�able with another preorder string S0 �hp01; s01ihp02; s02i � � � hp0m; s0mi if and only if 81 � i � n 81 � j � m pi = p0j ) si = s0j .The following preorder strings result from the terms shown in Figure 24:S1s : h�; fih1; gih1:1; aiS2s : h1:2; hih1:2:1; aih2; hih2:1; aiS1t : h�; fih1; gih1:1; aih1:2; aih1:3; hiS2t : h2; hih2:1; ai.The above de�nition of preorder string uni�ability requires that two preorder stringsagree at every position that is 
ommon among them. Due to the nature of preorderstrings, note that the subset of 
ommon positions must o

ur together. Thereforepreorder string 
ompatibility 
an be redu
ed to questions involving string mat
h-ing. Spe
i�
ally, four s
enarios arise when 
he
king the uni�ability of two preorder
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ur in Ss at p?In the example of Figure 24, 
ase (b) arises between S1t and S1s , with p = �,ls = 3 and lt = 5.Q2: (Cases (
) and (d)) Does a pre�x of Ss of length min(lt; ls) o

ur in St at p?In the example, 
ase (
) arises between S2s and S2t , with ls = lt = 2.



Term Indexing 1903The index is built in su
h a fashion that all the information required to answerthese questions 
an be obtained in a single s
an through the query term. After this,ea
h of these string mat
hing questions will be answered in O(1) time.The origins of automata-driven indexing arose in the 
ontext of tree patternmat
hing [Ramesh and Ramakrishnan 1992℄. It was then extended to deal withindexing of Prolog 
lauses in [Ramesh et al. 1990℄. An implementation of this te
h-nique was developed [Chen, Ramakrishnan and Ramesh 1994℄ and integrated intothe ALS Prolog system. Finally, it has been extended to the problem of retrieving
lauses that are uni�able with a given query term or any of its subterms [Rameshet al. 1994℄.8.2. Indexing algorithms8.2.1. Index 
onstru
tionIndex 
onstru
tion pro
eeds by �rst 
onstru
ting all of the preorder strings
orresponding to the indexed terms. Sin
e the position information is redun-dant in preorder strings, this information is dropped. For the indexed termf(g(a; a; h(y)); h(a)) shown in Figure 24, this leads to the strings fgaah and ha.We then build an Aho-Corasi
k automaton to re
ognize these strings, as wellas the substrings of these strings. This automaton serves as the index that sup-ports retrieval of terms uni�able with a set of indexed terms. (For the rest of thisse
tion, we use the \automaton" and \index" inter
hangeably.) Figure 26 showsthe automaton obtained for the preorder strings for the above indexed term. Thisautomaton has two types of links: goto and failure. The goto links are forwardlinks that are taken whenever we see a symbol in the input term that mat
hes thesymbol asso
iated with the link. The failure link is taken when the input symboldoes not mat
h the symbol asso
iated with any of the forward links.From the Aho-Corasi
k automaton, we 
an obtain a goto tree by deleting all thefailure links. Similarly, we obtain a fail tree by deleting all the forward links andreversing the fail links. The fail tree for the automaton in Figure 26 is given inFigure 27(a). We say that the state A in the automaton represents string S if the(unique) path in the goto tree between the root (i.e., start state) and A spells S.For example, state A9 in the automaton represents gaa.The following properties of the automaton are essential for answering Q1 andQ2.1. Every substring of every preorder string from every indexed term is representedby a unique state in the automaton. This implies: (a) ea
h pre�x of an indexedstring is represented, and (b) every pre�x of a query string that o

urs in anyindexed string is represented.2. While s
anning the string a1a2 : : : an if the automaton rea
hes a state A thatrepresents a string S on reading aj then S is the longest suÆx of a1a2 : : : ajamong the strings represented by the automaton states.3. If S1 and S2 are the strings represented by states A and B respe
tively thenS1 is a suÆx of S2 i� A is an an
estor of B in the fail tree.
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Figure 26: Automaton for suÆxes of strings generated from indexed term.) ? q? + s? ??? ?? ? ? zA0A1 A3 A7 A11A4 A2 A5 A8 A12A6 A9 A13A10 A14A15Figure 27: Fail tree 
orresponding to automaton of Figure 268.2.2. Retrieval of uni�able termsThe sele
tion begins by s
anning the preorder strings from the query term usingthe Aho-Corasi
k automaton and re
ording with ea
h symbol the state rea
hedupon reading it. Figure 28 shows the states of the index rea
hed for our runningexample. The �gure also shows the states rea
hed on s
anning preorder strings fromthe indexed term, this information being known at automaton 
onstru
tion time.We now re
all the string-mat
hing questions that arise and des
ribe how we 
ananswer them (see Figure 25):Q1: Does a pre�x of St of length l � min(lt; ls) o

ur in Ss at p? We (i) obtain thestate A representing the pre�x of St of length l in the automaton, (ii) obtainthe state B stored at (p+ l)th position in Sq , and (iii) verify if A is an an
estorof B in the fail tree.Q2: Does a pre�x of Ss of length l � min(lt; ls) o

ur in St at p? We (i) obtain



Term Indexing 1905Indexed-term info (
omputed at states A11 A12 A13 A14 A15 ? A1 A2index 
onstru
tion time) preorder f g a a h Y h aQuery-term info (
omputed at preorder f g a X h a h aretrieval time) states A11 A12 A13 A1 A2 A1 A2Figure 28: Illustration of states rea
hed when the strings from the indexed termand query term are s
anned using the automaton of Figure 26the state A rea
hed on inspe
ting a pre�x of St that extends to a length of lafter the position p; (ii) obtain the state B representing the state rea
hed onexamining the pre�x of Ss of length l; (iii) ensure that B a
tually representsthe pre�x of Ss of length l, i.e., ensure that depth(B) = l in the goto tree4; (iv)verify whether B is an an
estor of A.The detailed algorithm for retrieving uni�able terms is shown below in Figure 29.Pro
edure Index uses two arrays T and S that 
ontain information about thesymbols inspe
ted in a preorder traversal of t and s respe
tively. These arraysare thus indexed by preorder numbers of nodes in the terms t and s. Ea
h re
ordin T has four �elds: label, varposn, subtree and state. The label �eld is used tospe
ify the fun
tor/variable symbol at the ith position in a preorder traversal ofthe indexed term t. The varposn �eld at T [i℄ is set to the preorder number ofthe nearest variable node that appears after i in preorder in t. The subtree �eldof T [i℄ is set to the preorder number of the last node in the subtree rooted atnode i. The state �eld spe
i�es the state of the automaton rea
hed on readingthe symbol at i while s
anning t. The stru
ture of array S is identi
al to T . Inaddition the algorithm uses variables ns; nt; ls; lt and vs. The variables ns and nt
orrespond to preorder numbers of nodes in s and t respe
tively up to whi
h theretrieval pro
edure has pro
eeded without failure. The variables ls and lt store thelengths of remaining portions of query and indexed strings. vs is set to true if theimmediately pre
eding substitution was made to a variable in s. pf and nd arefun
tions that return the preorder number and the number of des
endants of astate in the fail tree respe
tively whereas fun
tion depth returns the depth of astate in the goto tree.At run time the query term s is s
anned prior to sele
tion of any rule and all the�elds in ea
h re
ord of S are �lled. Note that T is �lled at index 
onstru
tion time.Now pro
edure Index is then invoked to sele
t t.We illustrate the above method using Figure 28. After initialization at step 1, wepro
eed to step 10 where l is set to the minimum of the lengths of indexed termand query term strings. In this 
ase, the query string is smaller (l = 3). We pro
eedthrough to step 15, where we verify that the state A13 representing the pre�x fga4This step is ne
essary sin
e it is possible that failure transitions may have been taken whileexamining the pre�x of Ss. In su
h a 
ase, B would represent a proper substring of Ss and not apre�x. The depth 
he
k ensures that no failure transitions were taken. Note that this 
he
k is notrequired for preorder strings from the indexed term, as su
h strings are known to be representedin the index.



1906 R. Sekar, I.V. Ramakrishnan, and A. VoronkovPro
edure Index1. ns := nt := 1; fail := false; vs := false;2. while (:fail)^ (s and t are not 
ompletely s
anned) do3. if S[ns℄:label is a variable then4. vs := true;5. ns := ns + 1; nt := T [nt℄:subtree+ 1;6. elsif T [nt℄:label is a variable then7. vs := false;8. nt := nt + 1; ns := S[ns℄:subtree+ 1;9. else10. l := min(S[ns℄:varposn� ns + 1; T [nt℄:varposn� nt + 1);11. ns := ns + l;nt := nt + l12. pres := pf(S[ns � 1℄:state); pret := pf(T [nt � 1℄:state);13. if :vs then /* instan
e of Q1 */14. ndt := nd(T [nt � 1℄:state);15. fail := :(pret � pres � pret + ndt);16. else /* instan
e of Q2 */17. nds := nd(S[ns � 1℄:state);18. ds := depth(S[ns � 1℄:state);19. fail := :(pres � pret � pres + nds) _ :(ls = ds)20. endif21. endif;22. end Figure 29: Pro
edure Index for retrieval of uni�able termsis (trivially) an an
estor of the state A13 stored with the 3rd symbol in the querystring. The algorithm loops ba
k to step 3, where we skip the variable in the queryterm. Also, vs is set at step 4. The algorithm pro
eeds to step 10. Here, l is set to 1,whi
h 
orresponds to the remaining length of the indexed string. Sin
e vs is set, wepro
eed through steps 17 through 19, where we 
he
k whether the se
ond query-term string pre�x h o

urs at the �fth position in the �rst string from the indexedterm. Clearly, A1 represents the pre�x h (see Figure 43(
)). Furthermore, the staterepresenting the �rst string from indexed term, namely A15, is a des
endant of A1in the fail tree. Hen
e the se
ond string-mat
hing step also su

eeds. In the nextstring mat
hing step, we look for the o

urren
e of the se
ond string from indexedterm starting at the 3rd position in the se
ond string from the query term. Againwe note that the state stored with the last symbol in the se
ond string from thequery term is the same as that representing the se
ond string from the indexedterm. Therefore this string-mat
hing step also su

eeds and the indexed term issele
ted to be in
luded as a 
andidate term.When multiple indexed terms are present, we sequen
e through the indexed terms



Term Indexing 1907one-by-one, asking this series of questions on behalf of ea
h indexed term. Note thatalthough the questions are asked on a per-indexed-term basis, the string mat
hingoperations themselves are performed just on
e, and the symbols from the query termare also inspe
ted at most on
e. Although this operation of sequen
ing through theindexed terms may appear very ineÆ
ient, it is in general unavoidable in te
hniquesthat generate multiple strings from ea
h indexed term, su
h as path indexing andautomata-driven indexing. Moreover, the impa
t of su
h sequen
ing 
an be mini-mized in pra
ti
e using \
oarse �ltering" te
hniques (su
h as those des
ribed below)that qui
kly �lter out indexed terms that are 
andidates.8.2.3. Implementation issuesA straightforward way to perform rule sele
tion is to invoke fun
tion retrieve on
efor every rule. However su
h a method regards every indexed term as a likely 
an-didate, and will hen
e waste time on many indexed terms that 
an be readily ruledout. To do this, the above algorithm 
an be modi�ed as follows. Spe
i�
ally, we 
an
onstru
t a 
oarsely �ltered set of indexed terms su
h that the �rst string of everyone of these indexed terms is either a pre�x of the �rst string from the query termor vi
e versa. This is done by taking all of the �rst preorder strings from all of theindexed terms and 
onstru
ting an automaton to re
ognize these strings5. Let Abe any state of the automaton, and let SA be the string represented by A. Thenthis state is annotated with the setM of indexed terms su
h that for every l 2M,the �rst string of l is a pre�x of SA or vi
e-versa. For retrieval, we traverse the
oarse �ltering automaton with the query term, stopping either when we en
ountera �nal state of the automaton or when we rea
h the end of the �rst string in thequery term. The set of indexed terms asso
iated with the automaton state at thispoint will be taken as the 
oarse-�ltered set of indexed terms. We 
an now restri
tour attention to this subset of indexed terms, sequen
ing through them to answerstring-mat
hing questions for the subsequent strings in these indexed terms.Several other optimizations are possible with automata-driven indexing. Withthese optimizations, the automata-driven indexing has been integrated into theALS Prolog system. Use of this te
hnique resulted in speed improvements of 0%(i.e., no performan
e degradation for any program) to 30% for typi
al programs.This implementation performs indexing in multiple stages. Ea
h stage starts o�with a �ltered set of 
andidate terms, and uses the indexing approa
h implementedwithin the stage to further redu
e the 
andidate set. Su

essive stages performin
reasingly 
omplex operations for indexing. In the ALS implementation, the �rststage performed �rst-argument indexing, the se
ond stage used the 
oarse �lteringte
hnique above, while the �nal stage performed the full-blown version of automata-driven indexing. Although this parti
ular implementation required three stages togain 
onsistent performan
e improvement, it is possible to integrate the �rst andse
ond stages without su�ering performan
e penalty. Thus, speed improvements
ould be gained with this approa
h by just using the 
oarse-�ltering stage before5The resulting automaton would look like a dis
rimination tree for the indexed term, ex
eptevery path in this tree is trun
ated at the �rst transition that is labelled with a `*'.



1908 R. Sekar, I.V. Ramakrishnan, and A. Voronkovthe full-blown automata-driven indexing stage.8.3. Summary of advantages and disadvantagesAutomata-driven indexing fa
tors the operations involved in mat
hing the fun
tionsymbols of the query term with those from the indexed terms. In parti
ular, itensures that no symbol in the query term is ever examined more than on
e. This
ontrasts with some of the indexing te
hniques des
ribed earlier (e.g., dis
riminationtrees) where symbols may have to be reexamined (potentially many times) due toba
ktra
king. Although adaptive indexing avoids reexamination of symbols, this isa
hieved at the 
ost of a potential exponential blow-up in the size of the index,whi
h is avoided in automata-driven indexing. On the negative side, note that thiste
hnique generates multiple preorder strings from ea
h indexed term, similar topath indexing. Combining the results involving individual preorder strings (so as todetermine 
ompatibility of the indexed and query terms) is time-
onsuming, as wehave to sequen
e through many indexed terms. Automata-driven indexing sharesthis drawba
k with path indexing, whi
h may also end up spending a substantialamount of time sequen
ing through the indexed terms in the 
ombination step. Inpra
ti
e, however, we �nd that the overhead of su
h 
ombination steps is lowerin the 
ase of path indexing than automata driven indexing. On the other hand,automata driven indexing generates fewer strings from ea
h indexed term than pathindexing, and thus the number of 
ombination steps is redu
ed.In the worst-
ase, automata-driven indexing requires O(jsj +Pi=ni=1 ti) time toindex n indexed terms t1; :::; tn. We note that the worst-
ase performan
e ofautomata-driven indexing 
annot be improved upon in general. This is be
ausein the worst 
ase, all of the indexed terms are uni�able with a query term, and sowe need to 
ompute the substitutions for all of the variables in all of the indexedterms. This leads us to a lower bound that is the same as the runtime 
omplexityof automata-driven indexing. In pra
ti
e, however, te
hniques su
h as uni�
ationfa
toring are better suited for dealing with root-uni�
ations.It must be emphasized that a key bene�t of automata-driven indexing is that theideas are appli
able to handle indexing questions that involve all of the subtermsof the query term. None of the other indexing te
hniques dis
ussed in this paperare able to reuse the e�orts involved in unifying the query term at the root foroperations involving uni�
ation of the subterms. The interested reader is referredto [Ramesh et al. 1994℄ for details.9. Code treesCode trees were introdu
ed in [Voronkov 1994, Voronkov 1995℄. A 
ode tree isan index 
onsisting of pie
es of 
ode instead of strings. Every pie
e of 
ode is aninstru
tion of an abstra
t ma
hine able to perform the retrieval operation.The general s
heme of this indexing te
hnique is as follows. Suppose that we have
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ondition R. For every indexed term l, we 
ompile l into a sequen
e ofinstru
tions i1; : : : ; in of the abstra
t ma
hine. This sequen
e represents a fun
tionIl su
h that for every possible query term t we have Il(t) , R(l; t). The sequen
eof instru
tions may, in general, not exe
ute sequentially. For example, it may havebran
hing or jump instru
tions.Given a 
olle
tion L of terms, the 
ode tree for this 
olle
tion is 
onstru
tedas follows. For every l 2 L we 
ompile the 
orresponding sequen
e of instru
tionsrepresenting Il. Then we integrate this sequen
e of instru
tions into a (large) au-tomaton 
alled 
ode tree. The 
ode tree represents the fun
tion IL su
h that IL(t)returns the list of all l 2 L su
h that R(l; t).Code trees are used in Vampire to implement retrieval of generalizations (usedin forward demodulation) and multiliteral subsumption (see Se
tion 13.2).9.1. Retrieval of generalizationsAlgorithms for performing retrieval on di�erent representations of a query term maydi�er in a number of details. For example, when we perform depth-�rst traversal ofa query term f(s; t) represented as a tree and go down from the symbol f to thesubterm s we have to memorize the subterm t, sin
e t should be traversed after thetraversal of s has been 
ompleted. If we use the 
atterm representation of queryterms, memorizing t is unne
essary, sin
e we will arrive at the term t anyhow whenthe traversal of s will have been 
ompleted.Sin
e a 
ode tree represents a 
ode for performing retrieval, the 
ode 
ontainsinstru
tions for performing traversal of the query term and thus the set of instru
-tions used in 
ode trees may depend on the 
hosen representation of query terms.In this se
tion we 
hoose the 
atterm representation 
onsidered in partially adap-tive 
ode treespartially adaptive 
ode tree
ode tree!partially adaptive [Riazanovand Voronkov 2000b℄. A version of 
ode trees working with nearly an arbitraryrepresentation of query terms is presented in [Voronkov 1995℄.We will use the term traversal fun
tions nextt and after t introdu
ed in Se
-tion 6.2.2.We denote by jtj the size of a term t. Using 
atterms, a term t is represented byan array of the size jtj + 1. Let p1 < : : : < pn be all positions in t. Then the i-thelement of the array is a pair hs; ji, where s = root(t=pi) and pj = after t(pi). Forexample, the term f(x; g(a)) is represented by the stru
ture shown on Figure 30.In 
an be seen that 
omputation of our two major term traversal operations onpositions, nextt and after t, 
an be done very eÆ
iently on su
h a representation.nextt is 
omputed by a simple in
rementation of the 
orresponding subs
ript, sonextt(pi) = pi+1, and the subs
ript of after t(pi) is given in the ith element expli
itly.Another serious advantage of this representation in 
omparison with tree-like termsis that equality of two subterms t=pi and q=tj 
an be 
he
ked eÆ
iently, withoutusing sta
k operations.Let us �x a term l. Let � = p1 < p2 < : : : < pn be all proper positions in l. Thenfor i 2 f1; : : : ; ng, pos i(l) will denote pi.
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f 5 x 3 g 5 a 51 2 3 4 5Figure 30: Flatterm stru
ture for f(x; g(a))

Let us give several de�nitions that will be used in the des
ription of subsumptionalgorithms below. Let pk1 < : : : < pkm be all variable positions in l. The i-thvariable position in l, denoted by vpi(l), is de�ned as vpi(l) = pki . For i > mvpi(l) is unde�ned. The normalized form of a term l, denoted by norm(l), is theterm obtained from l be repla
ing the subterm of l at the ith variable position bythe variable �i, for all i. For example, the normalized form of f(x1; a; g(x1; x2)) isf(�1; a; g(�2; �3)).The variable equivalen
e relation for a term l, denoted Et, is the equivalen
e rela-tion on f1; : : : ;mg su
h that: hi; ji 2 Et if and only if root(t=vpi(l)) = root(t=vpj(l)).For example, the variable equivalen
e relation for f(x1; a; g(x1; x2)) 
onsists of twoequivalen
e 
lasses: f1; 2g and f3g. Note that two terms s; t are variants of ea
hother if and only if the pair hnorm(s); Esi 
oin
ides with the pair hnorm(l); Eti. IfB is a binary relation, B� denotes the transitive, re
exive and symmetri
 
losure ofB. If E is an equivalen
e relation and B is su
h a binary relation that B� = E , thenB is 
alled a frame of E . A frame is 
alled minimal if no proper subset of it is aframe. Throughout the rest of this paper we 
onsider only equivalen
e relations over�nite sets of the form f1; : : : ;mg. A �nite sequen
e hu1; v1i; : : : ; huk; vki of pairs ofintegers is 
alled a 
omputation sequen
e for E if the relation fhu1; v1i; : : : ; huk; vkigis a minimal frame of E and ui < vi for all i 2 f1; : : : ; kg. Su
h a 
omputation se-quen
e is 
alled 
anoni
al if ea
h ui is the minimal element of its equivalen
e 
lassin E and for i < j we have hu1; v1i <lex : : : <lex huk; vki, where <lex is the stan-dard lexi
ographi
 (i.e., 
omponentwise) order on integers. Note that the 
anoni
al
omputation sequen
e is uniquely de�ned.Consider an example: equivalen
e relation 
onsisting of two equivalen
e 
lasses:f1; 3; 5; 7g and f2; 4g. The 
anoni
al 
omputation sequen
e for this relation isfh1; 3i; h1; 5i; h1; 7i; h2; 4ig. Another 
omputation sequen
e for this equivalen
e re-lation is fh1; 3i; h3; 5i; h3; 7i; h2; 4ig.
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edure Subsume(l; t)begin/* First phase: term traversal */let subst be an array for storing positions in l;pos l := �;post := �;while pos l 6= "if norm(l)=pos l = �i thensubst [i℄ := post;post := after t(post);pos l := after l(pos l);else /* l=pos l is not a variable */if root (l=pos l) 6= root(t=post) thenreturn failure;elsepost := next t(post);pos l := next l(pos l);endif;endif;end while;/* Se
ond phase: 
omparison of terms */let hu1; v1i; : : : ; hun; vni be the 
anoni
al 
omputation sequen
e for El.forall i 2 f1; : : : ; ngif t=subst [ui℄ 6= t=subst [vi℄ then return failure;end forallreturn su

ess;end Figure 31: A term subsumption algorithm9.2. Compilation for forward subsumption by one termIn order to de�ne instru
tions of an abstra
t ma
hine for performing subsumption,we will �rst de�ne a subsumption algorithm. On unit 
lauses, subsumption is equiv-alent to mat
hing. We are going to solve the following problem: given a term l anda query term t we have to 
he
k if l subsumes t. Figure 31 shows a deterministi
algorithm that implements forward subsumption.Following [Voronkov 1995℄ we spe
ialize this general subsumption algorithmSubsume for ea
h indexed term l, obtaining its spe
ialized version Subsumel. Thespe
ialized version has the property Subsumel(t) = Subsume(l; t), for ea
h queryterm t. The spe
ialized algorithm is represented as a sequen
e of instru
tions of anabstra
t ma
hine. In other words, we 
ompile the term into 
ode of the abstra
tma
hine. Then this 
ode is submitted, together with the query term t, to the in-terpreting pro
edure. Before presenting te
hni
al details, let us 
onsider a simpleexample.



1912 R. Sekar, I.V. Ramakrishnan, and A. Voronkovpro
edure Subsumel(t)beginp := �;if root(t=p) 6= f return failure;p := nextt(p);if root(t=p) 6= g return failure;p := nextt(p);subst [1℄ := p;p := after t(p);subst [2℄ := p;p := after t(p);if root(t=p) 6= h return failure;p := nextt(p);subst [3℄ := p;p := after t(p);subst [4℄ := p;p := after t(p);if t=subst [1℄ 6= t=subst[3℄ return failure;if t=subst [1℄ 6= t=subst[4℄ return failure;return su

ess;endFigure 32: The algorithm Sub-sume spe
ialized for the terml = f(g(x1; x2); h(x1; x1))

initl : Initialize(m1)m1 : Che
k (f;m2; faill )m2 : Che
k (g;m3; faill )m3 : Put(1;m4; faill )m4 : Put(2;m5; faill )m5 : Che
k (h;m6; faill )m6 : Put(3;m7; faill )m7 : Put(4;m8; faill )m8 : Compare(1; 3;m9; faill )m9 : Compare(1; 4;m10; faill )m10 : Su

essfaill : FailureFigure 33: The 
orresponding se-quen
e of instru
tions
9.1. Example. Let l = f(g(x1; x2); h(x1; x1)) be an indexed term. The spe
ialisedversion of the mat
hing algorithm for this term is shown in Figure 32.This spe
ialized version 
an be rewritten in a more formal way using spe
ialinstru
tions Initialize , Che
k , Put , Compare , Su

ess and Failure as shown in Fig-ure 33. The semanti
s of these instru
tions should be 
lear from the example, butwill also be formally explained later.9.3. Abstra
t subsumption ma
hineNow we are ready to des
ribe the abstra
t ma
hine, its instru
tions, 
ompilationpro
ess, and interpretation formally. Memory of the abstra
t ma
hine is dividedinto the following \registers":1. substitution register subst whi
h is an array of positions in the query term;2. register p for storing the 
urrent position in the query term;3. a register instr for storing the label of the 
urrent instru
tion.



Term Indexing 1913Initialize(m1) p := �;goto m1Che
k (s;m1;m2) if root(t=p) = sthenp := nextt(p);goto m1else goto m2Put(n;m1;m2) subst [n℄ := p;p := after t(p);goto m1Compare(m;n;m1;m2) if t=subst[m℄ = t=subst [n℄then goto m1;else goto m2Su

ess return su

essFailure return failureFigure 34: Semanti
s of instru
tions in 
ode sequen
esTo identify instru
tions in 
ode we will use labels. We distinguish two spe
ial labels:initl , and faill . A labeled instru
tion will be written as a pair of the form m : I ,where m is a label and I is the instru
tion itself. The instru
tion set of our abstra
tma
hine 
onsists of Initialize , Che
k , Put , Compare , Su

ess and Failure . Su

essand Failure have no arguments. Other instru
tion have the following form:� Initialize(m1), where m1 is a label;� Che
k (f;m1;m2), where f is a fun
tion symbol and m1;m2 are labels;� Put(n;m1;m2), where n is a positive integer and m1;m2 are labels;� Compare(n1; n2;m1;m2), where n1; n2 are positive integers and m1;m2 arelabels.For 
onvenien
e, we de�ne two fun
tions on instru
tions, 
ont and ba
k . On all theabove instru
tions 
ont returns m1 and ba
k returns m2. Intuitively, 
ont is thelabel of the instru
tions that should be exe
uted after the 
urrent instru
tion (ifthis instru
tion su

eeds), and ba
k is the label of the instru
tion that is exe
utedif the 
urrent instru
tion fails.The semanti
s of the instru
tions is shown in Figure 34. At the moment thelast argument of Put is dummy. It will be used when we dis
uss the 
ase of manyindexed terms.For a given indexed term l, 
ompilation of instru
tions for Subsumel results in aset of labeled instru
tions, 
alled the 
ode for l. It 
onsists of two parts: traversal
ode and 
ompare 
ode plus three standard instru
tions: initl : Initialize(m1), su

l :Su

ess and faill : Failure .



1914 R. Sekar, I.V. Ramakrishnan, and A. VoronkovSuppose p1 < p2 < : : : < pk are all positions in l. The traversal 
ode for l is theset of labeled instru
tions fm1 : I1; : : : ;mk : Ikg, where mi's are labels and Ii's arede�ned as follows:Ii = ( Che
k (root(l=pi);mi+1; faill ); if l=pi is not a variable;Put(k;mi+1; faill ); if norm(l)=pi = �k:Let hu1; v1i; : : : ; hun; vni be the 
anoni
al 
omputation sequen
e for El. Then the
ompare 
ode for l is the set of instru
tionsmk+i : Compare(ui; vi;mk+i+1; faill ) fori 2 f1; : : : ; ng, where mk+n+1 = su

l . In Figure 33 from example 9.1 instru
tionsm1{m7 and m8;m9 form the traversal and the 
ompare 
ode respe
tively.The 
ode for l is exe
uted on the query term a

ording to the semanti
s of instru
-tions shown in Figure 34, beginning with the instru
tion Initialize . The followingstatement is unlikely to surprise anybody: exe
ution of the 
ode for l on any queryterm t terminates and returns su

ess if and only if l subsumes t. Observe that
ode for l has a linear stru
ture: instru
tions 
an be exe
uted sequentially. In viewof this observation we will 
all 
ode for l also the 
ode sequen
e for l.9.4. Code tree for a set of indexed termsRe
all that our main problem is to �nd if any term l in a large set L of indexedterms subsumes a given query term t. Using 
ompilation des
ribed in the previoussubse
tion, one 
an solve the problem by the exe
ution of the 
odes for all terms inL. This solution is inappropriate for large sets of terms. However, 
ode sequen
es forterms 
an still be useful as we 
an share many instru
tions from 
ode for di�erentterms. We rely on the following observation: in most instan
es in automated theoremproving the set L 
ontains many terms having similar stru
ture. Code sequen
es forsimilar terms often have long 
oin
iding pre�xes. It is natural to 
ombine the 
odesequen
es into one indexing stru
ture, where the equal pre�xes of 
ode sequen
esare shared. Due to the tree-like form of su
h stru
tures we 
all them 
ode trees .Nodes of 
ode trees are instru
tions of the abstra
t subsumption ma
hine. Linkingof di�erent 
ode sequen
es is done by setting appropriate values to the 
ont and ba
karguments of the instru
tions. A bran
h of su
h a tree is a 
ode sequen
e for someindexed term interleaved by some instru
tions of 
ode sequen
es for other indexedterms. Apart from redu
ing memory 
onsumption, 
ombining 
ode sequen
es inone index results in tremendous improvements in time-eÆ
ien
y, sin
e during asubsumption 
he
k shared instru
tions are exe
uted on
e for several terms in theindexed set. To illustrate this idea, let us 
ompare the 
ode sequen
es for the termsl1 = f(f(x1; x2); f(x1; x1)) and l2 = f(f(x1; x2); f(x2; x2)) given in Figure 35.Sharing the �rst eight instru
tions of this results in the 
ode given in Figure 36.This �gure also illustrates 
ontrol 
ow of this 
ode.We 
an exe
ute this 
ode as follows. First, the eight shared instru
tions areexe
uted. If none of them results in failure, we 
ontinue by exe
uting instru
tionsm8;m9;m10. If the Su

ess instru
tion m10 is rea
hed the whole pro
ess terminates



Term Indexing 1915initl : Initialize(m1)m1 : Che
k (f;m2; faill)m2 : Che
k (f;m3; faill)m3 : Put(1;m4; faill)m4 : Put(2;m5; faill)m5 : Che
k (f;m6; faill)m6 : Put(3;m7; faill)m7 : Put(4;m8; faill)m8 : Compare(1; 3;m9; faill)m9 : Compare(1; 4;m10; faill)m10 : Su

ess
initl : Initialize(m1)m1 : Che
k (f;m2; faill)m2 : Che
k (f;m3; faill)m3 : Put(1;m4; faill)m4 : Put(2;m5; faill)m5 : Che
k (f;m6; faill)m6 : Put(3;m7; faill)m7 : Put(4;m8; faill)m8 : Compare(2; 3;m9; faill)m9 : Compare(2; 4;m10; faill)m10 : Su

essFigure 35: Code sequen
es for two terms

faill : Failureinitl : Initialize(m1)m1 : Che
k (f;m2; faill)m2 : Che
k (f;m3; faill)m3 : Put(1;m4; faill)m4 : Put(2;m5; faill)m5 : Che
k (f;m6; faill)m6 : Put(3;m7; faill)m7 : Put(4;m8; faill)m8 : Compare(1; 3;m9;m11)m9 : Compare(1; 4;m10; faill)m10 : Su

ess m11 : Compare(2; 3;m9; faill)m12 : Compare(2; 4;m10; faill)m13 : Su

essFigure 36: Code tree for two terms
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ess. Otherwise, if any of the equality 
he
ks m8;m9, failed, we have toba
ktra
k and resume the exe
ution from the instru
tion m11.In general, to maintain a 
ode tree CL for a dynami
ally 
hanging set L, one hasto implement two operations: integration of new 
ode sequen
es into the tree, whena term is inserted in L, and removal of sequen
es when a term is deleted from L.The integration of a 
ode sequen
e Cl into a 
ode tree CL 
an be done as follows. Wemove simultaneously along the sequen
e Cl and a bran
h of CL beginning from theInitialize instru
tions. If the 
urrent instru
tion IL in CL 
oin
ides with the 
urrentinstru
tion Il in Cl up to the label arguments, we follow down the instru
tions intheir 
ont arguments. If IL di�ers from Il we have to 
onsider two 
ases:1. If ba
k (IL) is not the Failure instru
tion, then in the 
ode tree we move to thisinstru
tion and 
ontinue integration.2. If ba
k(IL) is Failure , we set the ba
k argument of IL to the label of Il. Thus,the rest of the 
ode sequen
e Cl together with the passed instru
tions in Clforms a new bran
h in the tree.Removal of obsolete bran
hes is also very simple: we remove from the 
ode allunshared instru
tions 
orresponding to the removed term and link the remaininginstru
tions in an appropriate manner. Due to postponing Compare instru
tions,
ode trees maintained in this manner have an important property: traversal 
odesfor any terms having the same normalized form are shared 
ompletely.Code trees are exe
uted nearly the same way as 
ode sequen
es, but with one dif-feren
e due to possible ba
ktra
k points. As soon as an instru
tion with a ba
ktra
kargument is found, we store its ba
ktra
k argument and the 
urrent position in thequery term in spe
ial sta
ks ba
ktrPos and ba
ktrInstr . Semanti
s of instru
tionsin 
ode trees is shown in Figure 37.It is worth noting that all operations in the semanti
s of the instru
tions 
anbe exe
uted very eÆ
iently on 
atterms. Riazanov and Voronkov [2000b℄ 
onsiderpartially adaptive 
ode trees , in whi
h the Compare instru
tion do not ne
essarily
orrespond to the 
anoni
al sequen
e for El. Moreover, these instru
tions 
an bemoved up and down the 
ode tree.The experiments des
ribed in Nieuwenhuis, Hillenbrand, Riazanov and Voronkov[2001℄ have shown that, for retrieval of generalization, 
ode trees (as implementedin Vampire) are faster than perfe
t dis
rimination trees (as implemented inWald-meister) by about a fa
tor of 1.4 and faster than 
ontext trees implemented inFiesta by about a fa
tor of 1.9. Code trees use about 1.2 times more spa
e 
om-pared to 
ontext trees and about 4.6 time less spa
e than dis
rimination trees.66Waldmeister's dis
rimination trees are array-based, so every node o

upies a 
onsiderableamount of memory, even if only one term is stored in this node.



Term Indexing 1917Initialize(m1) p := �;ba
ktrPos := empty sta
k ;ba
ktrInstr := empty sta
k ;goto m1Che
k (s;m1;m2) if root(t=p) = s thenpush(m2; ba
ktrInst);push(p; ba
ktrPos);p := nextt(p);goto m1else goto m2Put(n;m1;m2) push(m2; ba
ktrInst);push(p; ba
ktrPos);subst [n℄ := p;p := after t(p);goto m1Compare(k; n;m1;m2) if l=subst[k℄ = l=subst[n℄ thenpush(m2; ba
ktrInst);push(p; ba
ktrPos);goto m1else goto m2Su

ess return su

essFailure if ba
ktrPos is empty then return failurep = pop(ba
ktrPos);goto pop(ba
ktrInst)Figure 37: Semanti
s of instru
tions in 
ode trees10. Substitution trees10.1. OverviewSubstitution trees [Graf 1995℄ extend the model of indexing presented earlier so that
omparisons in the index no longer involve simple tests of equality on nonvariablesymbols, but 
an test for uni�ability among terms. This is a
hieved by storingsubstitutions rather than terms or p-strings. The idea of using arbitrary uni�
ationoperations in the index 
an be tra
ed to abstra
tion trees [Ohlba
h 1990℄. As a resultof this, substitution trees 
an be smaller in size. Moreover, substitution trees 
anfa
tor out the 
omputation of substitutions, as opposed to just mat
hing operations
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�0 = f(�2; �1)�2 = x1 �1 = g(�3)�1 = x1f1g �1 = x2f2g �2 = a�3 = df3g �2 = g(d)�3 = x1f4gFigure 38: A substitution treeinvolving nonvariable symbols.We will use normalized variables in the indexed terms as de�ned on page 1889.For instan
e, we rename the indexed terms f(x; a) into f(x1; a) and f(x1; x2). Inaddition to the normalized variables x1; x2; : : : we will use a sequen
e of variables�0; �1; : : :, disjoint from the variables of indexed or query terms, to represent sub-stitutions. Substitution of a term t for a variable �i will be denoted by an equality�i = t. In substitution trees, instead of storing a term t, we store a substitution�0 = t represented as a 
omposition of substitutions for �i. For example, the termf(g(a; x1)) 
an be stored as a 
omposition of su
h substitutions in several di�erentways, in
luding �0 = f(g(a; x1)) and �0 = f(g(�1; x1)); �1 = a. Substitution treesshare 
ommon parts of substitutions rather than 
ommon pre�xes. Every bran
hesin a substitution tree represents an indexed term, obtained by 
omposing the sub-stitutions on this bran
h and applying the resulting substitution to �0.10.1. Example. We illustrate substitution tree indexing with an example set 
on-sisting of four indexed terms(1) f(x1; x1); (2) f(x1; x2);(3) f(a; g(d)); (4) f(g(d); g(x1)):in Figure 38. By 
omposing the substitutions on e.g., the rightmost bran
h:�0 = f(�2; �1); �1 = g(�3); �2 = g(d); �3 = x1;we obtain the substitution of f(g(d); g(x1)) for �0 representing indexed term 4.



Term Indexing 191910.2. Index maintenan
eBefore dis
ussing indexing algorithms, let us note one feature of substitution trees:the order of term traversal is not �xed in advan
e. For example, for the substitutiontree of Figure 38, the substitution for the �rst argument of f is done before thesubstitution for its se
ond argument in indexed terms 1; 2, but it is done afterin indexed terms 3; 4. So when we traverse indexed terms 1; 2, we traverse thearguments of f left-to-right, while for indexed terms 3; 4 we traverse them right-to-left. This feature may lead to very 
ompa
t substitution trees, but it also has someundesirable 
onsequen
es for the indexing algorithms:1. There may be several di�erent ways to insert a term in a substitution tree. Forexample, if we insert f(x1; g(x2)) in the substitution tree of Figure 38, we mayfollow down any of the transitions 
oming out from �0 = f(�1; �2). If we followthe left one, we share the substitution �1 = x1, if we follow the right one, weshare �2 = g(x3). This property 
an be used to �nd an optimal way of insertinga term and lead to even more 
ompa
t substitution trees, but optimal insertionrequires more 
omplex algorithms.2. When we delete a term t from a substitution tree, if there are several transitions
oming out from a node, we 
annot de
ide whi
h transition 
orresponds to t bysimply looking at the 
hildren of this node. Therefore, algorithms for deletionof a term from a substitution tree involve some kind of ba
ktra
king.3. Retrieval may result in a larger amount of ba
ktra
king steps 
ompared to otherindexing te
hniques. For example, if all of the indexed terms and the query termare ground, retrieval using all previously studied indexing te
hniques will bedeterministi
, but retrieval using substitution trees may require ba
ktra
kingeven in this 
ase.In this paper we present a version of substitution trees 
alled linear substitutiontrees of Graf [1996℄. In linear substitution trees, on any root-to-leaf path, ea
hvariable �i o

urs at most on
e in right-hand sides of substitutions. For example,the substitution �0 = f(�1; �1) 
annot o

ur in a linear substitution tree. Likewise,two substitutions �1 = f(�3) and �2 = g(�3) 
annot o

ur on the same bran
h.However, the substitution �0 = f(x1; x1) is perfe
tly legal.Insertion of indexed terms l1; :::; ln is viewed as insertion of the substitutions�0 = l1; :::; �0 = ln. The insertion pro
ess works by following down a path in thetree that is 
ompatible with the substitution � to be inserted. To formally de�neinsertion and deletion of substitutions, let us introdu
e a few notions.Let l1; l2 be terms and V be a set of variables f�i; �i+1; �i+2; : : :g for some i � 0,su
h that V is disjoint from the variables of l1; l2. The most spe
i�
 linear 
ommongeneralization of l1 and l2 with respe
t to V , denoted msl
g(l1; l2; V ) is de�ned asfollows.71. If either l1 or l2 is a variable �k, then msl
g(l1; l2) is �k.7Our notion of most spe
i�
 linear 
ommon generalization is slightly nonstandard, sin
e wetreat variables in f�0; �1; : : :g di�erently from other variables. However, one 
an prove that theresult is always the most general linear term that generalizes both l1 and l2.
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oin
ides with l2, then msl
g(l1; l2) = l1.3. Otherwise, let p be the �rst (in the preorder traversal order) position in bothl1 and l2 su
h that the top symbols of l1=p and l2=p are di�erent. Consider two
ases(a) Either l1=p or l2=p is a variable �k. De�ne l01 = l1[�k℄p and l02 = l2[�k℄p. Thende�ne msl
g(l1; l2; V ) to be the most spe
i�
 linear 
ommon generalizationof l01 and l02 with respe
t to V .(b) Otherwise, de�ne l01 = l1[�i℄p and l02 = l2[�i℄p. Then de�ne msl
g(l1; l2; V ) tobe the most spe
i�
 linear 
ommon generalization of l01 and l02 with respe
tto V � f�ig.For example, the most spe
i�
 linear 
ommon generalization of f(g(x1); g(x1)) andf(x1; g(x2)) with respe
t to f�2; : : :g is the term f(�2; g(�3)). Likewise, the mostspe
i�
 linear 
ommon generalization of f(g(x1); g(�1)) and f(x1; g(x2)) with re-spe
t to f�2; : : :g is the term f(�2; g(�1)).Let �1 and �2 be two substitutions and V be a set of variables su
h that both Vand the domains of �1 and �2 are subsets of f�0; �1; : : :g. The most spe
i�
 linear
ommon generalization of �1 and �2 with respe
t to V , denoted msl
g(�1; �2; V ), isde�ned as follows. Consider the set X of all variables x su
h that x�1 and x�2 havethe same top symbol and x�1 6= x. Let X = f�1; : : : ; �jg su
h that i < : : : < j. Takeany fun
tion symbol h and let s be the most spe
i�
 linear 
ommon generalizationof the terms h(�i�1; : : : ; �j�1) and h(�i�2; : : : ; �j�2) with respe
t to V . Then s hasthe form h(si; : : : ; sj) for some terms si; : : : ; sj . De�ne msl
g(�1; �2; V ) to be thesubstitution f�i = si; : : : ; �j = sjg.10.2. Example. The most spe
i�
 linear 
ommon generalization of the substitu-tions �1 = f�1 = g(a); �2 = f(
; x1); �3 = g(
)g�2 = f�1 = g(b); �2 = x1; �3 = g(x2)gwith respe
t to f�4; : : :g is 
omputed as follows. First, the set X 
onsists of thevariables �1 and �3 be
ause �1 and �2 disagree on the top symbols of �2. Then wehave to 
ompute the most spe
i�
 linear 
ommon generalization of h(g(a); g(
)) andh(g(b); g(x2)), that is h(g(�4); g(�5)). Therefore, the most spe
i�
 linear 
ommongeneralization of �1 and �2 is the substitution � = f�1 = g(�4); �3 = g(�5)g.Two substitutions �1 and �2 are 
alled 
ompatible if their most spe
i�
 linear
ommon generalization is nonempty. Let � and � be two substitutions. If thereexists a substitution � su
h that for every variable x in the domain of � we havex�� = x�, we denote � by �=�. It is not hard to argue that for any 
ompatiblesubstitutions �1; �2 and their most spe
i�
 linear 
ommon generalization �, both�1=� and �2=� are de�ned. For instan
e, for the substitutions of Example 10.2, wehave �1=� = f�2 = f(
; x1); �4 = a; �5 = 
g;�2=� = f�2 = x1; �4 = b; �5 = x2g:
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tion insert(node n, substitution �)1. if 9 a 
hild n0 of n labelled by � su
h that � is 
ompatible with � then2. � := msl
g(�; �);3. if � = � then4. insert(n0; �=�)5. else6. 
hange label of n0 to �=� ;7. insert a new node n00 labelled by � between n and n0;8. add to n00 as a 
hild a new leaf labelled by �=�9. endif10. else11. add to n as a 
hild a new leaf labelled by �12. endifFigure 39: Algorithm for insertion into a substitution tree
�0 = f(x1; x1)f1g ) �0 = f(x1; �1)�1 = x1f1g �1 = x2f2g

) �0 = f(�2; �1)�2 = x1�1 = x1f1g �1 = x2f2g �1 = g(d)�2 = af3gFigure 40: Insertion of terms into a substitution treeAn algorithm for insertion in substitution trees is given in Figure 39. To insert aterm l in the substitution tree, one should 
all the insertion fun
tion insert using,as arguments, the top node of the tree and the substitution �0 = l.We will illustrate this algorithm on the terms used in Example 10.1, assumingthat they are inserted in the order of their numbers. The substitution tree 
ontainingall four terms was already shown in Figure 38. The intermediate substitution trees
onsisting of the terms (1), (1){(2), and (1){(3) are shown in Figure 40. In general,a di�erent order of inserting indexed terms in a substitution tree may result indi�erent trees.Deletion of a term l from a substitution tree is quite straightforward ex
ept thatba
ktra
king is required to �nd the leaf 
orresponding to the substitution �0 = l



1922 R. Sekar, I.V. Ramakrishnan, and A. Voronkovto be deleted. When the leaf is found, we delete all nodes that 
orrespond only tothis substitution and repair the tree, by 
ollapsing sequen
es of nodes with a single
hild into one node. For example, deletion of term (4) from the substitution tree ofFigure 38 results in the rightmost substitution tree among those in Figure 40.10.3. Retrieval of uni�able termsWhen an indexing te
hnique is used as a perfe
t �lter, some retrieval 
onditionsmay be more diÆ
ult to handle than others. For example, for dis
rimination treesretrieval of generalizations is straightforward, but retrieval of uni�able terms ofinstan
es is more diÆ
ult to implement be
ause of embedded variables.Substitution trees di�er from other indexing te
hniques in this aspe
t: all retrievaloperations have quite a straightforward implementation on substitution trees. As aresult, some provers (Spass and Fiesta) use substitution trees as a single indexingdata stru
ture. This feature is due to storing substitutions rather than symbols atnodes. The pri
e to pay is that an operation performed at visiting a node is not asimple 
omparison of symbols, but may involve 
omplex operations, like uni�
ation.We will demonstrate this by retrieval of uni�able terms from substitution trees.Retrieval pro
eeds by following down all paths in the substitution tree that 
on-tain only substitutions 
ompatible with the given query term. Spe
i�
ally, we followdown ea
h edge in the substitution tree, starting from the root, until we hit a leafor we rea
h a substitution that is in
ompatible with the query term. In the for-mer 
ase, the indexed terms asso
iated with the leaf are added to the 
andidateset, whereas in the latter 
ase we prune the sear
h operation at this node. It is
onvenient to perform this operation using a ba
ktra
king algorithm, as with dis-
rimination trees. As an example, 
onsider the substitution tree of Figure 38 andthe query term f(f(a; y1); y1).Retrieval is demonstrated in Figure 41. We use dashed arrows to show the nodesvisited su

essfully. The 
omputed substitutions are illustrated at the left-hand sideof the pi
ture.Graf [1996℄ des
ribes some variations of substitution trees. Here we presentedlinear substitution trees, but they 
an also be nonlinear, 
ontaining substitutionslike �0 = f(�1; �1). In weighted substitution trees we maintain additional informationabout size of substitutions. This information 
an be used to prune some of theunsu

essful paths in the tree very qui
kly, rather than pro
eeding until a pointwhere an in
ompatible substitution is seen.11. Context treesContext trees is a data stru
ture for indexing introdu
ed only re
ently by Ganzinger,Nieuwenhuis and Nivela [2001℄. Sin
e we learned about this te
hnique just a 
oupleof weeks before this volume goes to print, we present it here only sket
hily.Context trees generalize of substitution trees so that one 
an use variables ranging
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�0 = f(�2; �1)�2 = x1 �1 = g(�3)�1 = x1f1g �1 = x2f2g �2 = a�3 = df3g �2 = g(d)�3 = x1f4g
�1�2�3 �4

�1 :�0 = f(�2; �1);�2 = f(a; y1);�1 = y1�2 = �1[fx1 = f(a; y1)g�3 = �2[fy1 = x2g
�4 = �1[fy1 = g(�3)g

Figure 41: Retrieval of terms uni�able with f(f(a; y1); y1) from a substitution tree
�0 = h(�1; �2)�1 = x1 �1 = b�2 = f(s)f3g�2 = f(s)f1g �2 = g(s)f2g

�0 = h(�1; �2(s))�1 = x1 �1 = b�2 = ff3g�2 = ff1g �2 = gf2gFigure 42: A substitution tree and a 
ontext treeover fun
tion symbols. For example, the term f(a; b) 
an be represented usinga 
omposition of substitutions �0 = �1(a; b); �1 = f . Thus, terms with di�erentfun
tion symbols 
an be shared, too.Consider an example taken from [Ganzinger et al. 2001℄. The set of indexed terms
onsists of the following three terms:(1) h(x1; f(s)); (2) h(x1; g(s)); (3) h(b; f(s)):where s is an arbitrary term. Figure 42 shows a left-to-right substitution tree (i.e.,the traversal order is always left-to-right) and a 
ontext tree for this set of terms.Context trees are more 
ompa
t than substitution trees. Retrieval time dependson the query term. For example, for the query term h(b; f(r)) and uni�
ation as theretrieval 
ondition the term r will be uni�ed three times with s in the substitution
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e in the 
ontext tree of Figure 42. On the 
ontrary, for the queryterm h(b; k(r)) the terms r and s will be uni�ed on
e in the 
ontext tree, but nouni�
ation or r against s will take pla
e in the substitution tree.Context trees 
an be made even more 
ompa
t when fun
tion symbols of di�er-ent arities 
an be shared as well. The te
hnique for this is presented in [Ganzingeret al. 2001℄ based on the idea of 
urried terms. Essentially, if we want to sharethe top fun
tion symbols in the terms f(a; b) and h(a), we introdu
e a new fun
-tion symbol � to denote fun
tion appli
ation, and 
onsider the terms with theirarguments reversed, i.e., (f � b) � a) and h � a. Details 
an be found in [Ganzingeret al. 2001℄.12. Uni�
ation fa
toring12.1. OverviewUni�
ation fa
toring [Dawson, Ramakrishnan, Ramakrishnan, Sagonas, Skiena,Swift and Warren 1995℄ is an indexing te
hnique that is similar to substitutiontrees, but developed independently in the 
ontext of logi
 programming. It sharesmost of the advantages of substitution trees, in
luding the ability to fa
tor out sub-stitutions. In addition, Dawson, Ramakrishnan, Ramakrishnan, Sagonas, Skiena,Swift and Warren [1995℄ studied optimal algorithms for 
onstru
tion of fa
toringautomata. In this se
tion, we provide a brief des
ription of uni�
ation fa
toring,followed by a dis
ussion of the optimality results.Uni�
ation fa
toring was developed in the 
ontext of logi
 programming, whereprograms 
onsists of a 
olle
tion of predi
ate de�nitions. Ea
h predi
ate de�nitionis made up of 
lauses of the formHead :- Body.The set of indexed terms 
onsist of all 
lause heads that de�ne a single predi
ate,8and the retrieval 
ondition is uni�ability.12.2. Complexity of 
onstru
ting optimal automataAs with substitution trees, there are many possible ways to build an index, ea
hwith a di�ering performan
e. The interesting problem then is the design of optimaluni�
ation fa
toring that minimizes the 
ost of retrieval. One possible measure of
ost is the number of edges traversed to perform a retrieval operation. This measureis reasonable if the 
ost of all uni�
ation operations in the index are of the sameorder. In the presen
e of nonlinear indexed terms, this 
an no longer be assured:note that the time required to perform an operation su
h as X = Y will dependon the a
tual terms appearing in the query term in pla
e of X and Y . As su
h, we8The idea is to build di�erent indexes for di�erent predi
ates.



Term Indexing 1925limit our dis
ussion to only linear indexed terms in this se
tion, whi
h will ensurethat we never have to perform operations that require us to 
ompare arbitrarilylarge terms.Although 
ounting the number of edges traversed appears to be a natural wayto measure 
ost, it su�ers from the drawba
k that the 
ost be
omes a fun
tion ofthe query term. This makes it diÆ
ult to talk about 
ost of the automaton as awhole. In order to develop a measure that is independent of the query term, we
an make use of the worst-
ase 
ost, whi
h 
orresponds to a query term that has asingle nonvariable symbol at its root, with all arguments being distin
t variables.(This is the worst 
ase sin
e su
h a term will unify with every indexed term.) Ithas been shown [Dawson, Ramakrishnan, Ramakrishnan, Sagonas, Skiena, Swiftand Warren 1995℄ that 
onstru
tion of optimal index is very hard in the 
ase ofnonsequential automata that deal with indexed terms with no priorities. They alsopresent a polynomial time algorithm for optimal sequential automata that dealwith indexed terms that are totally ordered in priority. Su
h sequential automata
apture Prolog's strategy of sequentially trying the 
lauses de�ning a predi
ate.The 
omplexity is also dependent on the availability of mode information, whi
hspe
i�es in advan
e (i.e., at index 
onstru
tion time) whether 
ertain subterms inthe query term will always be ground terms or always be (free) variables.Sequential NonsequentialWithout modes P(dynami
 programming) NP-
ompleteWith modes NP-hardin �p2 NP-hard
12.3. Constru
tion of optimal automataWe will annotate ea
h state in the sequential uni�
ation fa
toring automaton (SFA)with (a) the pre�x of the query term that would be inspe
ted on the path fromthe root to that state, and (b) the set of indexed terms that are 
ompatible withthat pre�x. We 
an treat the 
ompatible set as a sequen
e, whi
h would allow us to
apture the (totally ordered) priority information. The following three propertiesare used in the 
onstru
tion of an optimal SFA.1. In an SFA, the transitions from a state partition its 
ompatible set into subse-quen
es.2. In an optimal SFA for a sequen
e of terms, states and transitions spe
ifyinguni�
ation operations 
ommon to the entire sequen
e form a \
hain" (i.e., asequen
e of nodes, ea
h of whi
h has only one outgoing transition).3. Ea
h subautomaton of an optimal SFA is itself optimal.
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h sub-SFA will be asso
iated with a di�erentpre�x at its root state whi
h re
e
ts the symbols that have been inspe
ted alreadyin rea
hing that state from the root of the entire SFA. We will hen
e talk about SFAas being parametrized with respe
t to the pre�x and the 
ompatible set (sequen
e)asso
iated with its root state.The 
onstru
tion of an optimal automaton is a re
ursive pro
ess in whi
h, at ea
hstate starting with the root, the automaton is expanded based on the 
ompatibleset C of indexed terms and the pre�x u asso
iated with that state. We 
onsider ea
hposition in the fringe of u, and sele
t a position p su
h that 
osts of the optimal sub-SFA's 
reated after inspe
ting p are minimized. From the properties of optimal SFAstated above, it follows that an SFA 
onstru
ted in this manner will be optimal.The re
ursive 
onstru
tion pro
ess lends itself to a dynami
 programming solutionas des
ribed below. As mentioned earlier, we deal only with linear indexed terms.We use a fun
tion part to partition the 
ompatible sequen
e C into the minimumnumber of subsequen
es that share uni�
ation operations at this position.12.1. Definition (Partition). Given a sequen
e C = hl1; : : : ; lni of terms and aposition �, the partition of C by �, denoted part(C; �), is the set of all triples(a; j; j0), 1 � j � j0 � n, su
h that all hlj ; : : : ; lj0i is a maximal subsequen
e ofhl1; : : : ; lni having the same symbol a at the position �.For example, the partition of the sequen
e hp(a; a); p(a; b); p(b; 
); p(a; d)i at po-sition 1 is the set f(a; 1; 2); (b; 3; 3); (a; 4; 4)g 
orresponding to the following threemaximal subsequen
eshp(a; a); p(a; b)i; hp(b; 
)i; hp(a; d)i:Ea
h triple (a; j; j0) 
omputed by part 
orresponds to a transition from an SFA statewith pre�x u and 
ompatible sequen
e C. Note that all terms in the subsequen
ehlj ; : : : ; lj0i possess identi
al symbols at the position p and possibly some of the otherpositions. Spe
i�
ally, they are identi
al in all nonvariables in msl
g(lj ; : : : ; lj0). Itis 
lear from the above properties of optimal SFA's that the uni�
ation operations
orresponding to the 
ommon positions (whi
h are not already present in u) will beshared by the indexed terms in the subsequen
e. Thus, we 
an build an optimal SFAby identifying the 
hoi
e of p that minimizes the 
ost (as per the equation givenbelow), 
omputing the partitions of S with respe
t to this position, introdu
ingtransitions 
orresponding to ea
h subsequen
e hlj ; :::; lj0i, and then using a re
ursivepro
edure to 
omplete the sub-SFA rea
hed by these transitions. Observe that thepre�x 
orresponding to the new state rea
hed by the transition (a; j; j0) will bemsl
g(lj=p; : : : ; lj0=p). Therefore, we 
an 
ompute the 
ost of a minimal SFA for asubsequen
e hli; :::; li0i using the formula
ost(i; i0; u) = min�2Pv(u)0BB� X(a;j;j0)2part(hli;:::;li0 i;�)(
ost(j; j0; u0) + ju0j � juj)1CCA ; (12.1)



Term Indexing 1927where u0 stands for msl
g(lj ; :::; lj0 ), and jtj denotes the number of nonvariablesymbols in t. It is easy to see that the third parameter u of 
ost(i; i0; u) in the aboveequation is always msl
g(li; :::; li0), and is hen
e uniquely determined by i and i0.Thus, we 
an eliminate u from the above equation, and 
ompute the minimal SFAusing a dynami
 programming te
hnique using a two-dimensional table indexed byi and i0 for all values 1 � i � i0 � n.12.2. Example. Constru
tion of an optimal SFA for the indexed terms of Fig-ure 43a begins with the 
omputation of its 
ost, using Equation 12.1. The rootposition (Pos) and 
ost (Cost) of the lowest 
ost sub-SFA 
omputed for a subse-quen
e with end points (i; i0) at any point in the 
omputation are stored in a table(see Figure 43b) at the entry (i; i0), where i is the row and i0 the 
olumn. Boldfa
enumbers in the table represent the position and 
ost for the optimal subautomaton
omputed for the 
orresponding subsequen
e, while itali
 numbers represent theposition and the 
ost of the dis
arded (sub-optimal) sub-SFA.13. Multiterm indexingIn this se
tion we deal with multiterm indexing. There are two 
ases when the needin multiterm indexing arises:� The retrieval 
ondition is spe
i�ed in terms of a �nite set of query terms ratherthan a single query term.� We deal with an indexed set of 
lauses rather than single terms.Typi
al retrieval 
onditions for multiterm indexing are:� simultaneous uni�
ation;� forward subsumption;� ba
kward subsumption;� 
lause varian
e [Riazanov and Voronkov 2001℄.We introdu
e several de�nitions and then dis
uss these retrieval 
onditions in detail.13.1. Definition (
lause). A 
lause is usually de�ned to be a �nite set (or mul-tiset) of literals. For the purposes of this se
tion, it is enough to 
onsider a 
lauseas a set of terms. A 
lause whi
h is a singleton set is 
alled a unit 
lause. Whenwe deal with 
lauses that may have 
ardinality � 2 we will speak about multiliteral
lauses .We will denote 
lauses either as a sequen
e of their terms, t1; : : : ; tn, or as a dis-jun
tion t1 _ : : : _ tn.13.1. Simultaneous uni�
ationSimultaneous uni�
ation is the following retrieval 
ondition. Given a set of indexedterms L and a sequen
e of query terms t1; : : : ; tn, �nd all sequen
es of indexed
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Term Indexing 1929terms l1; : : : ; ln su
h that there exist substitutions �1; : : : ; �n; � su
h thatl1�1 = t1�; : : : ; ln�n = tn�:Simultaneous uni�
ation is useful for implementing the hyperresolution and unit-resulting resolution inferen
e rules. The hyperresolution inferen
e rule 
an be for-mulated as follows:l1 _ C1 � � � ln _ Cn :t1 _ : : : _ :tn _D(C1 _ : : : _ Cn _D)� ;where � is a most general uni�er of the sequen
es (l1; : : : ; ln) and (t1; : : : ; tn). Inthis rule, the premises are assumed to be variable-disjoint. However in pra
ti
e,ti_Ci and tj _Cj for i 6= j 
an be two 
opies of the same 
lause, so li and lj will bethe same term in the index. So we use �1; : : : ; �n instead of � in the 
orrespondingretrieval 
ondition.A hyperresolution inferen
e 
an be 
onsidered as a sequen
e of binary resolutioninferen
es, but implementation of hyperresolution through binary resolution 
anbe expensive. Hyperresolution is espe
ially valuable when the input set of 
lauses
onsists of Horn 
lauses only. Then the rule 
an be reformulated in a simpler way:l1 � � � ln :t1 _ : : : _ :tn _ tt� ;so only unit 
lauses have to be dealt with.13.2. SubsumptionMultiliteral subsumption is the following retrieval 
ondition on 
lauses. Given two
lauses C and D, does there exist a substitution � su
h that C� � D. If su
h asubstitution exists, we say that C subsumes D. If both C and D are singletons,i.e., C = fsg and D = ftg, it is easy to see that C subsumes D if and onlyif t is an instan
e of s. Therefore, when we retrieve 
andidates for subsumptionamong unit 
lauses, we 
an use the indexing te
hniques developed so far, retrievalof generalizations for forward subsumption and retrieval of instan
es for ba
kwardsubsumption.Among the retrieval 
onditions 
onsidered so far we distinguished two instan
e-related problems: retrieval of instan
es and retrieval of generalizations. Their ana-logues in multiterm indexing are respe
tively ba
kward and forward subsumption.13.2. Definition. Ba
kward subsumption is the following retrieval 
ondition:given a set of indexed 
lauses C and a query 
lause D, �nd all 
lauses C 2 Csu
h that D subsumes C. Forward subsumption is the following retrieval 
ondition:given a set of indexed 
lauses C and a query 
lause D, does there exist a 
lauseC 2 C su
h that C subsumes D.



1930 R. Sekar, I.V. Ramakrishnan, and A. VoronkovSubsumption on unit 
lauses redu
es to mat
hing, so it 
an be 
he
ked in lineartime. Multiliteral subsumption is NP-
omplete. If we 
onsider the set of indexed
lauses as 
onstant and vary only the query 
lause, then forward subsumption 
an besolved in polynomial time while ba
kward subsumption is still NP-
omplete. Someprovers treat multiliteral 
lauses as multisets of literals. Then a 
lause C subsumesa 
lause D if there exists a substitution � su
h that C� is a submultiset of D.On multisets, subsumption is still NP-
omplete, but both forward and ba
kwardsubsumption are polynomial. Moreover, ba
kward subsumption on multisets 
an be
he
ked in the time 
onstant in the size of the query 
lause, but the 
onstant 
anbe exponential in the size of the index.In pra
ti
e, both forward and ba
kward subsumption are very expensive opera-tions. For some ben
hmarks forward subsumption may take over 90% of the overallrunning time of a prover. Forward subsumption is indispensable: with forward sub-sumption turned o� resolution-based provers are unable to solve problems that arerather trivially solved with forward subsumption turned on. Ba
kward subsumptionworks very well on some problems but is not very useful on other problems. For ex-ample, on some problems Vampire forward subsumes several million 
lauses whileno 
lause at all is ba
kward subsumed. For this reason, some provers employ in
om-plete ba
kward subsumption algorithms or even turn ba
kward subsumption o� onsome problems. Some provers, for example E, use in
omplete forward subsumptionalgorithms.13.3. Algorithms and data stru
tures for multiterm indexingThere is a variety of algorithms and data stru
tures for multiterm indexing. Thete
hniques used in multiterm indexing are based on the te
hniques for term index-ing. However, generalization to the multiterm 
ase 
an be quite nontrivial, espe
iallywhen one wants to a
hieve perfe
t �ltering.There are two main approa
hes to multiterm indexing.1. Use the standard term indexing data stru
tures and index on a small subset ofthe set of query terms, for example on two literals only. In this 
ase the 
an-didate set is obtained by the interse
tion of the 
andidate sets for the sele
tedquery terms. The size of the 
andidate set may be very large 
ompared to theset of all 
ompatible indexed 
lauses.2. Design spe
ial data stru
tures, obtained by modi�
ation of the 
orrespond-ing data stru
tures for term indexing. The retrieval algorithms may be quite
omplex 
ompared to their term indexing 
ounterparts. The aim is to a
hieveperfe
t �ltering.There are some issues to multiterm indexing whi
h do not o

ur in term indexing.Typi
al examples are the following.1. The order of terms in the query set matters. Consider the situation when thequery set 
onsists of two terms t1; t2 su
h that the set of 
andidate 
lauses for t2is empty while the set of 
andidate terms for t1 is large. Obviously, it is better



Term Indexing 1931to begin retrieval with t2 than with t1, then the retrieval of 
andidates for t2
an be omitted. Moreover, adaptive retrieval algorithms may play a major role.2. For imperfe
t �ltering based on sele
tion of a subset of query terms sele
tion ofthe terms matters. Ideally, the terms whi
h give smaller 
andidate sets shouldbe preferred.3. For some indexing te
hniques, the indexed 
lauses may be reordered before in-sertion into index, to a
hieve a better degree of sharing and/or faster retrieval.We will illustrate some of these 
on
epts, when we 
onsider 
ode trees for forwardsubsumption.13.4. Algorithms for multiliteral forward subsumptionA subsumption algorithm for multiliteral forward subsumption 
an be obtainedfrom a subsumption algorithm for forward subsumption on terms in the followingway. Suppose that we have an indexed 
lause C = l1; : : : ; ln and a query 
lauseD = t1; : : : ; tm. The 
lause C subsumes D if for every term li in C there exist a termtki in D su
h that li subsumes tki with some substitution �i, and the substitutions�1; : : : ; �n agree on all variables on whi
h they are de�ned.For example, let C = fg(x1; f(x2)); g(x1; f(f(x3)))g and D = fg(y; f(f(y)))g.Then the �rst literal of C subsumes the �rst literal of D with the substitution�1 = fx1 7! y; x2 7! f(y)g, and the se
ond literal of C subsumes the �rst literal ofD with the substitution �2 = fx1 7! y; x3 7! yg. The substitutions �1 and �2 areboth de�ned on x1, and �1(x1) = �2(x1), so C subsumes D.The main di�eren
e between the subsumption algorithm for multiliteral 
lausesand that for terms is that for ea
h term li of the indexed 
lause C = l1; : : : ; ln wehave to �nd a 
orresponding term tki of the query 
lause D. The sear
h for tki 
anbe implemented, for example, by a ba
ktra
king algorithm whi
h tries the values1; : : : ;m for ki one by one.To de�ne a multiliteral subsumption algorithm, let us de�ne some notions relatedto positions in a 
lause. From now on we view a 
lause as a sequen
e of its literalsrather than a set.Consider a 
lause C = l1; : : : ; ln. A position in C is any pair (m; p) su
h that1 � m � n and ea
h p is a proper position in lm. The order < on positions in C isde�ned as follows: (m; p) < (m0; p0) if either m < m0 or (m = m0 and p < p0). As inthe 
ase of terms, we extend the set of positions in C by a spe
ial position " 
alledthe end position in C; this positions is the greatest in the ordering <.We will now de�ne the fun
tions nextC and afterC similar to the 
orrespondingfun
tions on terms. Let � = p1 < : : : < pm < pm+1 = " be all positions in C. ThennextC(pi) = pi+1 for all i � m. The de�nition of afterC is as follows:afterC(m; p) = ( (m; after lm(p)); if after lm(p) 6= ";unde�ned; otherwiseWe introdu
e a new relation and two fun
tions on positions in 
lauses whi
h arerelated to the literal stru
ture. Let C = l1; : : : ; ln be a 
lause whose proper positions
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tions next literalC and previous literalC are de�nedon the positions of C of the form (m;�) as follows:next literalC(m;�) = ( (m+ 1;�); if m < n;"; otherwise:previous literalC(m;�) = ( (m� 1;�); if m > 1;"; otherwise:One 
an introdu
e a data stru
ture on whi
h the fun
tions nextC , afterC ,next literalC , previous literalC 
an be evaluated eÆ
iently. For example, one 
anuse a double-linked list of 
atterms.The notions of normalized form of a 
lause C, denoted by norm(C) and variableequivalen
e relation for a 
lause C, denoted EC , are de�ned in the same way as forterms.Now we 
an de�ne a 
lause-to-
lause subsumption algorithm. Su
h an algorithmis given in Figure 44. Some parts of this algorithm are similar to the 
orrespondingparts of the term subsumption algorithm, other parts implement iteration of literalsl1; : : : ; ln in the indexed 
lause C, sear
h for tki in the 
lause D, and ba
ktra
king.We use several labels and goto statements be
ause the resulting algorithm will beeasier to transform into instru
tions of an abstra
t subsumption ma
hine than amore stru
tured algorithm.The algorithm traverses literals in C one by one (see the �rst label). If a mat
hfor a parti
ular literal li was not found, the algorithm tries to use a di�erent mat
hfor the previous literal li�1 (see the use of previous literalC in ba
ktra
k). If amat
h of a parti
ular literal in D against li fails, the next literal in D is tried (seethe use of next literalD in ba
ktra
k). To remember the latest tried literal in D,we use the sta
k ba
ktrPos of literal positions in D. When a new literal in D istried, the position of this literal is pushed on ba
ktrPos . This position is poppedfrom ba
ktrPos upon ba
ktra
king.13.5. Code trees for forward subsumptionAs in the 
ase of term subsumption, we will now spe
ialize the general sub-sumption algorithm Subsume for ea
h indexed term C, obtaining its spe
ializedversion SubsumeC , and then represented the spe
ialized version as a sequen
eof instru
tions of an abstra
t ma
hine. The spe
ialized version has the propertySubsumeC(D) = Subsume(C;D), for ea
h query term D. The instru
tions of theabstra
t ma
hine are very similar to those use for term subsumption, ex
ept thatadded are new instru
tions for iterating literals in the indexed and query 
lausesand for ba
ktra
king. The 
ode for ea
h parti
ular literal in the indexed 
lause is
ompiled almost in the same way as for the term subsumption, ex
ept that insteadof the label faill we use the label of the appropriate ba
ktra
king instru
tion.



Term Indexing 1933
pro
edure Subsume(C;D)beginlet subst be an array for storing positions in C;let ba
ktrPos be a sta
k for storing positions in D;posC := (0;�);�rst: /* try the first literal in D */posC := next literalC(posC);posD := (1;�);push(�; ba
ktrPos);goto next;ba
ktra
k:posD := next literalD(pop(ba
ktrPos));if posD = " thenif posC = � then return failure;posC := previous literalC(posC);goto ba
ktra
k;elsepush(posD; ba
ktrPos);endifnext: /* trying the next literal in D */doif norm(C)=posC = �i thensubst [i℄ := posD;posD := afterD(posD);posC := afterC(posC);else /* C=posC is not a variable */if root(C=posC) 6= root (D=posD) then goto ba
ktra
k;posD := nextD(posD);posC := nextC(posC);endif;while posC is de�ned;/* literal mat
hed su

essfully */if posC 6= " goto �rst;/* All literals traversed, 
omparison of terms */let hu1; v1i; : : : ; hun; vni be the 
anoni
al 
omputation sequen
e for EC .forall i 2 f1; : : : ; ngif D=subst [ui℄ 6= D=subst [vi℄ then goto ba
ktra
k;return su

ess;end Figure 44: A 
lause-to-
lause subsumption algorithm
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); h(x1; x1) be an indexed 
lause. The spe
ialisedversion of the subsumption algorithm for this 
lause and the 
orresponding sequen
eof instru
tions are shown in Figures 45 and 46.In order to represent the spe
ialized algorithm, two new kinds of instru
tions havebeen added: First and Ba
ktra
k . The semanti
s of these instru
tions in 
ode treesis given in Figure 47. The instru
tion First sets the 
urrent position p to the �rstposition in D and memorizes the address of the following Ba
ktra
k instru
tionin the ba
ktra
k sta
k ba
ktrInst . The instru
tion Ba
ktra
k iterates over otherliterals in D. This instru
tion 
an be reexe
uted several times, sin
e it repeatedlypushes its own address on the ba
ktra
k sta
k, until no more literals in the query
lause 
an be found.Codes for several 
lauses 
an be 
ompiled into a 
ode tree, as in the 
ase of for-ward subsumption for unit 
lauses. However, we obtain a more 
onsiderable gainin eÆ
ien
y for multiliteral 
lauses when the ba
ktra
k points in di�erent 
lausesare shared. This happens when the normal forms of one or more initial literalsin the index 
lauses 
oin
ide. Consider, for example, two 
lauses g(x1; 
); h(x1; x1)and g(x1; 
); h(
; x1). The 
ode tree for these 
lauses and the data
ow of the re-trieval algorithm are shown in Figure 48. The very expensive ba
ktra
king-relatedinstru
tions are shared, both for the �rst and for the se
ond literal in the 
lauses.14. Issues in perfe
t �lteringUp to now, we did not pay major attention to perfe
t �ltering. For some appli
a-tions, perfe
t �ltering is easy to a
hieve. A typi
al example is sear
h for generaliza-tions when all indexed terms are linear (fun
tional programming).In theorem proving perfe
t �ltering is important be
ause the sets of indexedterms often easily 
ontain 105{106 terms, so imperfe
t �ltering 
an results in toomany 
andidates or too few 
andidates. In this se
tion we 
onsider issues that arisein perfe
t �ltering.14.1. Normalization of variablesThe most typi
al sour
e of imperfe
t �lters is normalization of terms whi
h \for-gets" the variable names. For example, if the term f(x; x) is stored in the index asf(�1; �2), one 
annot a
hieve perfe
t �ltering for any of standard retrieval 
ondi-tions. There are two ways of 
oping with this problem: normalization of variablesand equality 
onstraints.Normalization of variables. Variables are enumerated in the order of their �rst o
-
urren
es in the indexed term. For example, both terms f(x; y; x) and f(y; x; y)will be turned into f(�1; �2; �1). The main disadvantage of this te
hnique isa relatively small degree of sharing, when indexed terms 
ontain many o

ur-
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edure SubsumeC(D)begin�rst1:p := �;push(�; ba
ktrPos);goto next1;ba
ktra
k1:p := next literalD(pop(ba
ktrPos));if p = " then return failure;push(p; ba
ktrPos);next1:if root(D=p) 6= g then goto ba
ktra
k1;p := nextD(p);subst [1℄ := p;p := afterD(p);if root(D=p) 6= 
 then goto ba
ktra
k1;p := nextD(p);�rst2:p := �;push(�; ba
ktrPos);goto next2;ba
ktra
k2:p := next literalD(pop(ba
ktrPos));if p = " then goto ba
ktra
k1;push(p; ba
ktrPos);next2:if root(D=p) 6= h then goto ba
ktra
k2;p := nextD(p);subst [2℄ := p;p := afterD(p);subst [3℄ := p;p := afterD(p);if D=subst [1℄ 6= D=subst [2℄then goto ba
ktra
k2;if D=subst [1℄ 6= D=subst [3℄then goto ba
ktra
k2;return su

ess;endFigure 45: The algorithm Subsume spe-
ialized for the 
lause g(x1; 
); h(x1; x1)

initl : Initialize(m1)m1 : First(m3;m2)m2 : Ba
ktra
k (m3)m3 : Che
k (g;m4; faill )m4 : Put(1;m5; faill )m5 : Che
k (
;m6; faill )m6 : First(m8;m7)m7 : Ba
ktra
k (m8)m8 : Che
k (h;m9; faill )m9 : Put(2;m10; faill )m10 : Put(3;m11; faill )m11 : Compare(1; 2;m12; faill )m12 : Compare(1; 3;m13; faill )m13 : Su

essfaill : FailureFigure 46: The 
orresponding se-quen
e of instru
tions
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ktrInst);push(�; ba
ktrPos);goto m1;Ba
ktra
k (m1) p := next literalD(pop(ba
ktrPos));if p = " then goto faill ;push(self ; ba
ktrInst);push(p; ba
ktrPos);goto m1;Figure 47: Semanti
s of additional instru
tions in 
ode trees
faill : Failureinitl : Initialize(m1)m1 : First(m3;m2)m2 : Ba
ktra
k (m3)m3 : Che
k (g;m4; faill )m4 : Put(1;m5; faill )m5 : Che
k (
;m6; faill )m6 : First(m8;m7)m7 : Ba
ktra
k (m8)m8 : Che
k (h;m9; faill )m9 : Put(2;m10;m14) m14 : Che
k (
;m15; faill )m10 : Put(3;m11; faill ) m15 : Put(2;m16; faill )m11 : Compare(1; 2;m12; faill ) m16 : Compare(1; 2;m17; faill )m12 : Compare(1; 3;m13; faill )m13 : Su

ess m17 : Su

essFigure 48: Code tree for two 
lauses g(x1; 
); h(x1; x1) and g(x1; 
); h(
; x1)
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(b)a�1�1 �2e e�2 �1�2 �1

(
)a�1�2e�3�4�1 = �2 �1 = �3�3 = �4 �1 = �4Figure 49: Three ways of representing variables: (a) using imperfe
t �ltering; (b)enumerating variables; (
) using equality 
onstraintsren
es of variables. To illustrate this, 
onsider Figure 49 showing three te
h-niques of representing variables in an index storing the set of two termsfa(x1; x1; e(x2; x2)); a(x1; x2; e(x1; x1))g in a dis
rimination tree.In (a) imperfe
t �ltering is used, in (b) variables are enumerated, and in (
)equality 
onstraints (des
ribed below) are used. Of the three te
hniques, variableenumeration is likely to 
onsume the largest amount of spa
e when the term setsare large.Equality 
onstraints. An indexed term l is 
onsidered as a pair hl0; Ei, wherel0 is obtained from l by \forgetting" variable names as in the 
ase of imper-fe
t �ltering; and E is a set of equality 
onstraints of the form �i = �j whi
hen
ode dependen
ies among the variables of l. A pair �i = �j belongs to theequality 
onstraint if i < j and the variable �i represents the �rst o

ur-ren
e of �j in l. For example f(x1; x1; g(x2; x1)) will be represented by the pairhf(�1; �2; g(�3; �4)); f�1 = �2; �1 = �4gi. The index 
onsists of nodes of two kinds:ordinary nodes plus equality 
onstraints.Using equality 
onstraints results in indexes of smaller sizes. Usually, their use
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es both time for retrieval and memory used by the index. Retrieval is usuallyfaster due to the following observation: ea
h variable 
reates a potential ba
ktra
kpoint. When variable enumeration is used, ea
h di�erent variable 
reates an \early"ba
ktra
k point. When equality 
onstraints are used, these ba
ktra
k points aredelayed until the whole term has been pro
essed.When perfe
t �ltering is required, another problem may arise, both for variableenumeration and equality 
onstraint te
hniques. This problem arises when multi-literal 
lauses are used. In multiliteral 
lauses, one 
annot normalize variables ina single literal, be
ause variables are not lo
al to a literal, but may be shared bydi�erent literals in a 
lause. The only sound way to normalize variables is by nor-malizing them within a 
lause. Thus, a 
lause P (x; y); Q(y; z) will be normalizedinto P (�1; �2); Q(�2; �3). If we want to store both terms P (�1; �2) and Q(�2; �3) inthe index, then the index may 
ontain nonnormalized literals, for example,Q(�2; �3)instead of Q(�1; �2). Storing terms that are not normalize 
an de
rease sharing inthe index. An interesting te
hnique implemented in some indexes in Vampire isstoring normalized terms plus substitutions. For example, when we have to storeQ(�2; �3), we will store Q(�1; �2) instead, but store it together with the substitutionf�1 7! �2; �2 7! �3g.
14.2. Multiple 
opies of variablesThere is a problem that arises in some indexing operations: for some indexed terms,their multiple 
opies should be used. A typi
al example is when sear
h for gener-alizations is used to redu
e a term to its normal form. During redu
tion to nor-mal form, a term 
an be rewritten several times, by the same indexed terms, butwith di�erent substitutions. For example, if we derived an ordered unit equalityf(x) = g(x), it 
an be used twi
e to rewrite the query term h(f(f(y)). The �rstrewriting uses the substitution fx 7! f(y)g to rewrite the query term into h(g(f(y));then the se
ond rewriting uses the substitution fx 7! yg to rewrite this term intoh(g(g(y)). When su
h a sequen
e of rewritings is performed, several di�erent substi-tutions 
an be made for the variables of an indexed term. Therefore, representationof variables (or substitutions) in the index must allow for several di�erent substi-tutions to be done.Several provers, in
luding Otter, Vampire, and Fiesta, use variable banks usedis
ussed above in Se
tion 3.2. A variable bank is a data stru
ture (usually an array)whi
h represents a (substitution for a) 
olle
tion of variables. For example, if theindex uses variables �1; : : : ; �n, we 
an use an array of size n whose elements arereferen
es to terms. Ea
h time a sequen
e of indexing operation is to be performed,for ea
h operation in the index a new variable bank is used.



Term Indexing 193915. Indexing modulo AC-theoriesMany mathemati
al fun
tions used and modelled in automated reasoning are asso-
iative and 
ommutative, as 
aptured by the following two axioms:f(x; f(y; z)) = f(f(x; y); z); (A)f(x; y) = f(y; x): (C)We write f 2 AC if f is su
h an asso
iative-
ommutative symbol and write s =AC tto indi
ate that s and t are equivalent under asso
iativity and 
ommutativity.15.1. Definition (Flattened Term). Flattened representation of a term t is ob-tained by redu
ing it to its normal form using rewrite rules of the following formfor ea
h AC-symbol f : f(X; f(Y ); Z) ! f(X;Y; Z):Here X;Y and Z denote arbitrary sequen
es of terms. We denote the 
attened formof a term t by t.In this se
tion we will often use the 
atten form of a term instead of the term itself,and thus treat f 2 AC as a fun
tion symbol of a non�xed arity.AC-indexing refers to the variation of indexing problem that arises when therelationship between the indexed and query term is augmented to take the AC-properties into a

ount. In this se
tion, we dis
uss an indexing te
hnique for se-le
ting AC-generalizations of a given query term. More formally, the problem is tosele
t those indexed terms l su
h that there exists a substitution � with l� =AC t.If su
h a substitution exists we say that t AC-mat
hes l, l is an AC-generalizationof t, and t is an AC-instan
e of l.Consider an example. Let f 2 AC, l = f(a; x; b), and t = f(b; 
; d; a). Then for� = fx 7! f(
; d)g we have l� =AC t. AC-mat
hing has been studied extensively(see, for example [Gottlob and Leits
h 1987, Benanav, Kapur and Narendran 1987,So
her 1989, Kounalis and Lugiez 1991, Ni
olaita 1992, Verma and Ramakrishnan1992, Lugiez and Moysset 1993, Ba
hmair, Chen and Ramakrishnan 1993, Ba
h-mair, Chen, Ramakrishnan, Anantharaman and Chabin 1995, Eker 1995℄). AC-mat
hing is NP-
omplete in general but 
an be performed in polynomial time forlinear query terms [Benanav et al. 1987℄.If f 2 AC, we use the notation � to denote the smallest symmetri
 rewriterelation (also 
alled the permutation 
ongruen
e) for whi
h f(X;u; Y; v; Z) �f(X; v; Y; u; Z). Observe that l is an AC-generalization of t if and only if l� � t,for some substitution �.The top-layer of a term l, denoted by l̂, is obtained by repla
ing all o

urren
esof an AC-symbol f by a 
onstant, also denoted by f . For example, if f 2 ACand g 62 AC, then the top-layer of g(x; f(b; f(x; 
))) is g(x; f). Let l and t be two
attened terms with l� � t. Then we have



1940 R. Sekar, I.V. Ramakrishnan, and A. Voronkov(i) l̂ � t̂. For example, the term g(a; g(a; a)) 
annot be an AC-instan
e ofg(x; f(b; 
) as the respe
tive top-layers do not mat
h.(ii) if p is a position of an AC-symbol in the top-layer of l, then (l=p)� � t=p,i.e., if the top-layers of the given terms mat
h,then we need to 
onsider thestripped-o� subterms at the positions of f and re
ursively determine whethersuitable AC-mat
hes 
an be found.Conversely, if (i) and (ii) are satis�ed for some substitution �, then l� � t. In otherwords, AC-mat
hing is 
ompletely 
hara
terized by 
onditions (i) and (ii).Condition (i) represents a standard (i.e., non-AC) mat
hing problem. Condi-tion (ii) leads to a bipartite graph mat
hing problem as shown below. Supposethat l=p = f(l1; : : : ; lm) and t=p = f(t1; : : : ; tn), where f 2 AC. Let us also as-sume, without loss of generality, that for some k, 0 � k � m, no term l1; : : : ; lkis a variable, while all terms lk+1; : : : ; lm are variables. De�ne a bipartite graphG = (V1 [ V2; E), with V1 = ft1; : : : ; tng, V2 = fl1; : : : ; lkg, and E 
onsisting of allpairs (ti; lj), su
h that lj� � ti, for some substitution �. It 
an easily be seen thatif � n = m or n > m > k, and� there is a maximum bipartite mat
hing of size k in the bipartite graph Gthen f(l1; : : : ; lm)� � f(t1; : : : ; tn), for some substitution � and hen
e 
ondition (ii)is satis�ed.Based on the above dis
ussion, we 
an perform indexing in two phases. In the�rst phase, we use asso
iative-
ommutative (or AC-) dis
rimination trees for in-dexing. An AC-dis
rimination tree for a set of terms I is a hierar
hi
ally stru
tured
olle
tion of standard dis
rimination trees. The top of the hierar
hy is a standarddis
rimination tree for the set of top-layers of terms in I; and at ea
h node withan in
oming edge labeled by an AC-symbol another AC-dis
rimination tree is at-ta
hed that represents the 
orresponding set of nonvariable subterms of terms inI.The AC-dis
rimination tree for the termsk(f(a; b); 
; f(y; 
)) and k(f(a; x); 
; f(a; b))is shown in Figure 50. The asso
iated top-layers are k(f; 
; f) and k(f; 
; f). The�rst subtree represents the terms f(a; b) and f(a; x), the se
ond subtree the termsf(y; 
) and f(a; b).To use this tree, we� traverse the individual standard trees in the hierar
hy as usual, and then� use bipartite graph mat
hing to 
ombine the results from di�erent levels of thehierar
hy.To illustrate this pro
ess, 
onsider using the above tree to retrieve generalizationsof k(f(b; a); 
; f(a; b)). The top-level tree is su

essfully traversed to the �rst AC-node, 
all it v, at whi
h point the two subterms b and a are provided as inputs tothe �rst subtree. Traversal of the subtree yields two bipartite graphs, one for ea
helement of the set Lv = ff(a; b); f(a; x)g. The size of ea
h respe
tive maximummat
hing indi
ates that the input term f(b; a) is an AC-instan
e of both f(a; b)
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Figure 50: Example of an AC-dis
rimination tree.and f(a; x). Traversal of the top-level tree resumes at node v and 
ontinues on to these
ond AC-node, 
all it v0, with L-v0 = ff(y; 
); f(a; b)g. The input terms for these
ond subtree are a and b. The subterm f(a; b) of the input is found to be an AC-instan
e of f(a; b), but not f(y; 
). Thus, only the indexed term k(f(a; x); 
; f(a; b))is identi�ed as an AC-generalization. The running time for the �rst stage (i.e., AC-mat
hing linear terms) using AC-Dis
rimination trees has polynomial 
omplexity.In fa
t, the running time of the algorithm is dominated by the 
ost of doing bipartitegraph mat
hing, whi
h takes O(mn1:5), where n is the size of t and m is the sumof the sizes of all indexed terms in I.The bipartite graphs that arise are of the form G = (V1 [ V2; E), where V1 =ft1; : : : ; tng is a set of subterms of the query term, V2 = fl1; : : : ; lkg is a set ofindexed subterms, and E 
ontains an edge (ti; lj) if and only if lj AC-mat
hesti. Note that V2 depends only on the indexed terms; it remains �xed for a givenAC-tree and a node therein. We 
an design spe
ial te
hniques to eÆ
iently handlebipartite graph mat
hing for 
ases where V2 is small, say k � 4. The graph G is
omputed stepwise, via a sequen
e of bipartite graphs G1; G2; : : : ; Gn. Traversalof the subtree for query t1 determines the edges in
ident on that node, therebyde�ning G1. Traversal of the subtree for t2 determines the edges in
ident on t2,whi
h are added to G1 to yield G2; and so on.Suppose V2 = ft1; t2g. Ea
h traversal of the subtree for a term si yields a bitstringbi of length two; the bitstring 10 is obtained if si is an AC-instan
e of t1 but notof t2; and the strings 00, 01 and 11 are interpreted 
orrespondingly. The size of amaximum mat
hing on the bipartite graph Gi 
an be readily determined from biand the size of a maximum mat
hing on Gi�1. We 
ompute this eÆ
iently using
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Figure 51: Example of bipartite graph mat
hing automata.Bipartite Graph Mat
hing Automata. 9 Let jV2j = k and �d denote all subsetsof d verti
es (d � k). En
ode by a state all possible bipartite graphs that havemaximum bipartite mat
hings of size d and in
ident on one or more of the subsetsin �d. Figure 51 shows an example bipartite graph mat
hing automata for the 
ased = 1,k = 2 and �1 = ff1g; f2gg.We use the adja
en
y matrix to represent the bipartite graph. The element inthe ith row and jth 
olumn is 1 if and only if si AC-mat
hes tj . The symbol onwhi
h a transition is made is a bitstring of length k (ea
h su
h bitstring represents apossible row in the adja
en
y matrix). A transition is made from a state representinga maximum mat
hing of size d to a state representing a maximum mat
hings of sized+ 1. Denote by Sk the bipartite graph mat
hing automata for �nding maximummat
hings of size k. For jV2j = k use Sk.The initial state of the automaton represents graphs with a maximum mat
hingof size 0. Its three su

essor states represents three di�erent types of graphs withmaximum mat
hings of size 1. The three 
ases are: (i) t1 
an be mat
hed, but nott2; (ii) t2 
an be mat
hed, but not t1; (iii) both t1 and t2 
an be mat
hed, but notat the same time. The �nal state represents graphs with a maximum mat
hing ofsize 2. Finally, we read the rows of the adja
en
y matrix representing the bipartitegraph one by one and make transitions a

ordingly. There is a maximum bipartitemat
hing of size k if and only if the �nal state in Sk is rea
hed.By using bipartite graph mat
hing automata in 
onjun
tion with AC-dis
rimina-tion trees for doing AC-mat
hing we 
an show that for the �rst stage, all bipartitemat
hing problems at allAC-nodes visited during traversal of anAC-dis
rimination9Ba
hmair et al. [1993℄ 
all these Se
ondary Automata.
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Figure 52: Exampletree for a set of 
at terms with total size m, on an input term of size n 
an be donein O(mn) time.16. Elements of term indexingIn this se
tion, we provide a list of \basi
 elements" of term indexing te
hniques su
hthat new indexing te
hniques 
an be devised via a suitable 
ombination of theseelements. This enables us to understand many known indexing methods as instan
esof the generi
 framework. The 
ommon framework also makes it easier to 
ompareand 
ontrast the known approa
hes. Most importantly, the framework distills outessential 
hara
teristi
s of di�erent te
hniques, so that (a) one 
an easily 
ombinethese 
hara
teristi
s to get new indexing te
hniques, (b) understand the trade-o�sinvolved and be able to predi
t/explain performan
e of di�erent te
hniques.16.1. Deterministi
 and ba
ktra
king automataAn indexing automaton that requires reinspe
tion of symbols in the query termis 
alled a ba
ktra
king automaton. If all query terms 
an be pro
essed withoutsu
h reinspe
tion, the automaton is said to be deterministi
. The reinspe
tion ofsymbols in the query term is ne
essitated when there exist two p-string pre�xes(i.e., pre�xes of p-strings) S1 and S2 su
h that:� there exists a term t 
ompatible with both S1 and S2;� S1 and S2 are respe
tively of the form SS01 and SS02, where S is the maximal
ommon pre�x of S1 and S2;� S01 and S02 examine at least one 
ommon position, say, p.The �rst part of the 
ondition implies that, when the index is traversed to �ndp-strings 
ompatible with t, the states s1 and s2 representing S1 and S2 would



1944 R. Sekar, I.V. Ramakrishnan, and A. Voronkovhave to be visited. Otherwise we would miss out some p-strings 
ompatible witht. The se
ond 
ondition implies that neither of these states would be a des
endantof another, but have a 
ommon an
estor s that represents their maximal 
ommonpre�x S. The retrieval algorithm would thus follow the path from the root of theindex to s and on to s1, and then will need to ba
ktra
k ba
k to s and then followdown the path to s2. In this pro
ess, the symbol at p is �rst inspe
ted on the pathfrom s to s1, and then inspe
ted again on the path from s to s2.Te
hniques for avoiding reinspe
tion fall into several di�erent 
ategories that 
anbe related to the above 
riteria:� use of augmented sets of indexed terms that enable one to ignore one of S1or S2 
ompletely, without losing 
orre
tness. In parti
ular, this would requirethat every indexed term that is 
ompatible with t 
an be found by followingjust the path to s1; there would be no need to ba
ktra
k and retry the mat
hby following the path to s2.� use of traversal orders that avoid generation of p-strings that satisfy the above
riteria. For instan
e, path-indexing ensures that after visiting a 
ommon pre�xS, two di�erent path-strings would visit the same exa
t set of positions (ifthey 
orrespond to the same root-to-leaf paths), or a 
ompletely disjoint set ofpositions (if they 
orrespond to 
ompletely di�erent paths).� use of failure links that enable us to reuse the information seen about the symbolat p while mat
hing S2. The automata-driven indexing te
hnique follows thisapproa
h, and thus avoids reexamination.Of these, the �rst te
hnique is the one that has been studied from the point ofbuilding deterministi
 indexes [Graf 1991, Sekar, Ramesh and Ramakrishnan 1995℄,so we 
onsider only this te
hnique in this se
tion. Other te
hniques are dis
ussedseparately in the following se
tions.To understand how a set of indexed terms 
an be augmented so as to avoidreinspe
tion of symbols, 
onsider the set of indexed termsff(b; a; a); f(�; a; b); f(b; a; �)g:An index for retrieval of generalizations was illustrated in Figure 4(a). The p-strings h�; fih2; aih3; bi and h�; fih2; aih3; �ih1; bi satisfy the 
onditions laid outabove that ne
essitate reinspe
tion of symbols. These two strings 
orrespond to S1and S2 mentioned in the 
ondition: both strings 
orrespond to generalizations of thequery term f(b; a; b), with a 
ommon pre�x h�; fih2; ai, and position 3 requiringreinspe
tion. To avoid the reinspe
tion, we 
an augment the above term set toin
lude the terms f(b; a; b) and f(?; a; b). We then annotate ea
h leaf of the indexwith the set of all indexed terms that generalizations of the p-string rea
hing thatleaf. The new index that in
orporates these modi�
ations is shown in Figure 53(a).Retrieval of generalizations using this automaton requires no ba
ktra
king.The augmented set of indexed terms is typi
ally not 
onstru
ted expli
itly. In-stead, it is 
onstru
ted impli
itly by the index 
onstru
tion algorithm. For instan
e,in the Build algorithm of Se
tion 7, we de�ne the notion of a mat
h set so as toensure that it is suÆ
ient to follow down a single path in the index.
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Figure 53: Deterministi
 and pruned/
ollapsed indexThe trade-o� in using deterministi
 automata is one of spa
e (and 
onstru
tiontime) versus retrieval time. Observe that these 
onsiderations are very similar tothat of deterministi
 versus nondeterministi
 �nite-state automata.16.1.1. Issues and trade-o�s� Deterministi
 indexes require no ba
ktra
king for retrieval. The �nal states 
analso store substitutions, in addition to the 
andidate terms. These fa
tors leadto fast retrieval times.� Deterministi
 indexes are expensive in terms of spa
e and 
onstru
tion/mod-ifi
ation time|they 
an be exponential in size and number of indexed termsfor retrieval of generalizations, possibly worse for other retrieval 
onditions.(Compare with the trade-o�s between NFAs and DFAs.)16.2. Traversal orders: multiple vs single p-stringOne of the main de
isions to be taken when developing an indexing te
hnique is theorder in whi
h indexed terms are traversed to generate p-strings. Some indexingte
hniques use traversal orders that generate a single p-string from ea
h indexedterm, whereas others generate multiple p-strings. For instan
e, dis
rimination treesand adaptive automata generate single p-strings. In 
ontrast, path indexing gen-
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h indexed term. The primary advantage of gen-erating a single p-string is that a 
ompatible p-string dire
tly yields a 
ompatibleindexed term. When multiple p-strings are generated from a single indexed term,we need to ensure 
ompatibility of all these p-strings with the query term. Viewedin another way, nontrivial operations need to be performed on sets of 
ompatiblep-strings in order to obtain 
ompatible indexed terms.On the other hand, generating multiple strings typi
ally leads to shorter strings,whi
h in turn leads to in
reased sharing among strings, and thus redu
ed storagerequirements. Moreover, te
hniques that generate multiple p-strings 
an avoid sit-uations where reinspe
tion of symbols may be needed. For instan
e, path indexinguses a traversal order where the 
onditions laid out in the previous se
tion regardingsymbol reinspe
tion will never be satis�ed.An important 
onsideration in the 
hoi
e of traversal orders is whether theyyield p-strings that 
ontain variables (or `*' symbol in them). The presen
e of su
hembedded variables introdu
es the need for ba
ktra
king in an index. For instan
e,in the example dis
ussed in the previous se
tion, the need for reinspe
tion of symbolsarose be
ause there were two p-strings su
h that the �rst position where they di�er
orrespond to a variable in one of the p-strings, but a nonvariable in another.Similarly, s
anning past a variable in the query term often requires us to haveforward links for skipping appropriate subterms (e.g., jump-lists in dis
riminationtrees).16.2.1. Issues and trade-o�s� Path indexing produ
es many p-strings su
h that no variables are embeddedwithin the strings. Moreover, these strings do not 
ontain any pair of positionsthat do not have an an
estor-des
endant relationship. The �rst property ensuresthat there is never a need to skip a subterm in a query term, while the se
ondproperty ensures that we need not have jump lists that need to be taken whenwe inspe
t variables in the query term. The main results from the point of viewof indexing are:{ the automata are 
ompletely deterministi
;{ the automaton size (i.e., the number of nodes in it) is linear in the size ofindexed terms;{ but we require many operations for 
ombining intermediate results (obtainedas a result of mat
hing individual p-strings) to 
ompute the set of 
ompatibleterms.� Automata-driven indexing produ
es fewer strings than paths, and shares theproperty with path indexing in that they do not 
ontain embedded variable.The net result is that:{ the automaton is 
ompletely deterministi
;{ it uses spa
e quadrati
 in the size of the indexed terms;{ this method also requires many operations for 
ombining results of p-stringmat
hes to identify 
andidate terms, but the intermediate sets are alwayssmaller than those for path indexing.
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rimination trees produ
e just a single p-string from ea
h indexed term,whi
h 
ontains several embedded variables and subterms. The net e�e
t is that:{ indexing requires signi�
ant amount of ba
ktra
king (nondeterministi
);{ automata require signi�
ant storage for jump lists to skip subterms;{ no e�ort needs to be spent for 
ombining intermediate results.� Adaptive automata produ
e p-strings with no embedded variables, but to dothis, they generate many instan
es of the original set of indexed terms. The nete�e
t for 
omputing generalizations of a query term is that:{ indexing requires no ba
ktra
king;{ no need for 
ombining intermediate results;{ worst 
ase spa
e requirement is exponential in the size of indexed terms.16.3. Adaptive and �xed-order traversalsFor adaptive traversals, the next set of positions to inspe
t 
an depend on all ofthe symbols inspe
ted so far. Fixed-order traversals, on the other hand, sele
t thenext position as a fun
tion of the fringe positions of the pre�x inspe
ted.Adaptive traversal orders are utilized in adaptive automata, substitution trees,and uni�
ation fa
toring. Fixed-order traversals are used in path indexing, dis-
rimination trees, and automata-driven indexing. The trade-o�s in using adaptiveversus �xed order of traversals is related to the 
omplexity of algorithms for gen-erating adaptive traversals (these algorithms 
an be simple or 
omplex), as well asthe intera
tion of adaptive traversal orders with other optimizations su
h as failurelinks.16.3.1. Issues and trade-o�s� Adaptive traversals 
an minimize the number of variables embedded withinp-strings, whi
h redu
es the amount of ba
ktra
king needed.� Computing the traversal order may add overhead to index 
onstru
tion andmaintenan
e operations, but retrieval time is improved.� With �xed-order traversals, the only me
hanism to minimize embedded vari-ables is by produ
ing multiple p-strings.16.4. Pruned and 
ollapsed indexesWe 
an borrow and/or adapt te
hniques for redu
ing spa
e requirements for tries inorder to redu
e the spa
e requirements for the index. In parti
ular, we 
an borrowthe idea of pruned tries, where we stop examining symbols as soon as we identifya unique string that is 
ompatible with the query string. We 
an adapt the idea of
ollapsed tries, where sequen
es of states all of whi
h have a unique su

essor areeliminated from the trie. For both these te
hniques, the idea is that inspe
tion of
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hnique does not redu
e our ability to dis
riminateamong them.We 
an apply both these te
hniques to term indexes as well. In parti
ular, we 
anuse the pruning te
hnique to repla
e a subtree of the index that 
ontains at mostone �nal state by the �nal state. Note that su
h pruning does not adversely a�e
tthe a

ura
y of �ltering | in the worst 
ase, the query term may not be 
ompatiblewith the p-string 
orresponding to the �nal state, but we have at most one indexedterm that has been in
orre
tly identi�ed as being 
ompatible with the query term.This slight de
rease in a

ura
y may be well worth the savings in spa
e.We 
an easily extend the above te
hnique so that we not only repla
e subtreeswith single �nal states, but also subtrees with less than k �nal states, for somesmall k. On
e again, the de
rease in a

ura
y (proportional to k) may be small as
ompared to the savings in spa
e usage.In order to apply the 
ollapsing te
hnique, note that we may not be able to elim-inate some intermediate states be
ause they examine positions whose 
hildren willlater be examined. Nevertheless, we may be able to \
ompress" all su
h transitionsusing a single operation that examines multiple positions in the query term. Wewill use the term augmented edge to denote su
h edges.Figure 53(b) shows the result of applying the pruning and 
ollapsing te
hniqueson the automaton of Figure 53(a). Note that the terminal sequen
e of states exam-ining position 1 have been eliminated in the leftmost and rightmost paths in theindexing automaton. We have also eliminated the inspe
tion of position 2, whi
ho

urred immediately after inspe
ting position 1 in Figure 53. Observe that we
ould eliminate this test sin
e no 
hildren of a are being examined further down inthe automaton. Had this not been the 
ase, we would have 
ollapsed the inspe
tionof the root symbol and position 2. One possible way to represent this in the au-tomaton is by using f(�; a; �) on the outward transition from state 1, rather thanthe label f . Whether the 
ollapsed representation leads to a
tual spa
e redu
tionat the implementation level is un
lear. If the index is represented as 
ode as in Se
-tion 9, the 
ollapsed representation may end up being as expensive as (or perhapsmore expensive than) the un
ollapsed representation. If the index is representedusing traditional representations for �nite-state ma
hines, then 
ollapsing 
an leadto some improvements in spa
e usage. However, if signi�
ant amount of auxiliaryinformation is to be stored with ea
h trie state, then the storage savings due to
ollapsing 
an be signi�
ant.Finally, note that we 
an apply the 
ollapsing te
hnique more generally to repla
esub
omponents of the trie that are deep but have few bran
hes. We 
an 
ollapseea
h root-to-leaf path (i.e., paths from the root of the sub
omponent to its leaf,whi
h may or may not 
oin
ide with the leaves of the whole trie) in su
h 
omponentsinto an augmented edge. We may use te
hniques su
h as hashing to identify whi
hof the augmented edges are to be taken.The bene�ts and trade-o�s asso
iated with pruned/
ollapsed indexes are as fol-lows:� Pruning and 
ollapsing 
an save spa
e, without ne
essarily losing dis
rimination
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hniques su
h as depth-bounding).� In
reased time for making transitions, as pruned edges are asso
iated with 
om-plex 
onditions for transition. (Note that there would be fewer transitions thatare taken, so the total time spent in making transitions may not be a�e
ted.)� But overall retrieval time may be redu
ed, as these te
hniques enable in
re-mental 
onstru
tion of good adaptive traversals | note that de
ision regardingorder of inspe
tion of symbols 
orresponding to pruned/
ollapsed portions ofthe trie is not �xed prematurely, but determined as more terms are inserted inthe index.� Note that ea
h transition in the index may result in a binding operation tovariables in the query term. By redu
ing the number of transitions (using prun-ing/
ollapsing) we 
an redu
e the time spent in performing su
h bindings.16.5. Failure linksMost of the indexing te
hniques studied so far have the property that, on
e afailure is en
ountered, they ba
ktra
k to the lowest an
estor node where either a`*' transition 
ould have been taken, or a variable was en
ountered in the queryterm. At this point, they follow down the next possible transition from this state.If there is failure along this path, then we look for the next outermost bran
h andso on. In general, this 
an lead to wasted e�ort in res
anning portions of the queryterm again and again, as we follow down ea
h of these alternate paths in the index.Failure links exploit information known about the stru
ture of the query term atthe point of failure in order to prune away alternate paths that are bound to fail.Re
all that failure links are another well-known 
on
ept in string mat
hing,pioneered in the Knuth-Morris-Pratt algorithm [Knuth, Morris and Pratt 1977℄.Among known indexing te
hniques, it has been used only in automata-driven index-ing [Ramesh et al. 1990℄ and threaded automata for subsumption [Rao et al. 1996℄,although it is readily appli
able to any ba
ktra
king index. One of the bene�ts ofstudying the indexing te
hnique within a 
ommon framework is that we 
an eas-ily identify 
omponents su
h as this whi
h 
an be developed in the 
ontext of onete
hnique and then applied to other te
hniques.16.5.1. Issues and trade-o�s� redu
es ba
ktra
king and/or the 
omputation involved in ba
ktra
king;� may in
rease spa
e usage;� in
reases the 
ost of index 
onstru
tion/maintenan
e operations.16.6. Sharing equivalent statesFor deterministi
 indexes, two states are equivalent if the subindexes rooted atthese states are identi
al. By identifying su
h subautomata and merging them, we
an build dag automata that use signi�
antly less spa
e than the original indexes.
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an identify the equivalen
e of states even before 
onstru
tingthe subautomata, then we 
an save signi�
ant amount of time in 
onstru
tion ofthe automata.Identi�
ation of equivalent states is somewhat harder in ba
ktra
king indexes,sin
e the equivalen
e of two states 
annot be determined just by inspe
ting thesubautomata rooted at these states. This is be
ause the states inspe
ted when ba
k-tra
king out of the two subautomata may be di�erent. As su
h, sharing of equivalentstates has been studied primarily in the 
ontext of deterministi
 automata.16.6.1. Issues and trade-o�s� Sharing 
an lead to signi�
ant redu
tion in spa
e usage� Dire
t 
onstru
tion of minimal automata (i.e., without �rst 
onstru
ting un-minimized automata) is 
ru
ial� No signi�
ant negative e�e
ts16.7. Fa
toring 
omputation of substitutionsIn the model des
ribed so far, the primitive steps in the retrieval operation 
onsistedof 
he
king whether the query term had a spe
i�
 nonvariable symbol at a position.For 
ollapsed tries, this operation generalizes to 
he
king multiple positions. If this isto be extended for indexing nonlinear terms, one may add more powerful operationsto the index, spe
i�
ally, the operation of testing for uni�ability of two variables.Su
h operations 
an be used to perform 
onsisten
y 
he
ks among substitutions,espe
ially in the 
ontext of problems su
h as simultaneous uni�
ation, multiliteralsubsumption, et
. They also provide a 
onvenient way to fa
torize the substitutionsthemselves. Su
h extensions have been studied in the 
ontext of several indexingte
hniques, although many of the te
hniques known to date restri
t themselvesto linear terms. Even when a te
hnique deals with nonlinear indexed terms, themore 
omplex operations for 
onsisten
y 
he
king (of substitutions) are typi
allyperformed after all other operations.16.7.1. Issues and trade-o�s� Treats indexing and 
omputation of substitutions as a single pro
ess, ratherthan as separate phases, whi
h avoids re-examination of symbols� Shares not only 
ommon mat
hing operations but also 
ommon variable sub-stitutions, whi
h leads to more eÆ
ient handling of nondeterminism.� Can make an imperfe
t �ltering te
hnique into a perfe
t one.16.8. Prioritized indexingOne way to deal with priorities is to ignore them 
ompletely during the indexingphase { instead, we identify all 
ompatible terms using indexing, and then eliminateall ex
ept the terms with maximal priorities. In many appli
ations, this may be
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eptable, sin
e we may generate a large intermediate set of 
andidate terms�rst before eliminating most of them in the se
ond step. Therefore, an indexingapproa
h that only 
omputes the terms with maximal priority is desirable. Amongthe indexing te
hniques des
ribed through the rest of the paper, some (e.g., adaptivepattern mat
hing and uni�
ation fa
toring) methods in
orporate priorities into theindex, whereas a few other te
hniques (e.g., path indexing) handle them at retrievaltime.16.8.1. Issues and trade-o�s� Constru
tion vs. retrieval time | handling priorities makes the index 
onstru
-tion more expensive, but retrieval is a

elerated, e.g., in adaptive automata, theneed to handle priorities in
reases 
onstru
tion time as well as size of the au-tomata, but in an appli
ation where retrieval time is most important, this is agood trade-o�.� Priorities may make it possible to design (more) optimal algorithms, e.g., inuni�
ation fa
toring, optimal automata 
an be developed for linearly orderedindexed terms, but not for the unprioritized 
ase; in adaptive automata, priorityinformation 
an be used to build optimal automata for 
lasses of terms for whi
hno optimal automata exists in the unprioritized 
ase.� It is sometimes possible to perform the priority-related operations eÆ
ientlyat runtime. For instan
e, in dynami
 path indexing, path automata are 
on-stru
ted without taking priority into a

ount, but at retrieval time, we 
omputethe elements of this set in an order 
onsistent with the priorities. When eÆ-
ient methods exist for handling priority related operations at retrieval time,it may not be worth the additional 
ost of dealing with priorities in the index
onstru
tion and maintenan
e operations.16.9. Summary of indexing te
hniquesBased on the terminology developed so far, we 
an 
lassify the known term indexingte
hniques as shown in Table 1.17. Indexing in pra
ti
e17.1. Logi
 programming and dedu
tive databases.Absen
e of indexing in logi
 programming systems will result in unne
essary ba
k-tra
king, leading to poor performan
e. Almost all systems use some form of index-ing. Spe
i�
ally:� Most logi
 programming systems use the outermost symbol of the �rst argumentfor indexing.� The ALS system uses full indexing as des
ribed in [Chen et al. 1992℄.
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v
te
hnique perfe
t prior- number of adapt- determ- pruned/ fail link/ subst. retrievalname �ltering ities strings ive inisti
 
ollapsed dags fa
toring 
onditionpath NL N � 1 N Y N N/A N allindexingautomata- NL Y � 1 N Y N Y N unifdrivendis
rimin- Y,NL N 1 N N N N N allation treeadaptive NL Y 1 Y Y N Y N genautomatasubstitution Y N 1 Y N Y N Y alltreesuni�
ation Y Y 1 Y N N N Y uniffa
toringAC-dis
rim NL N � 1 N N N N N genination treeAC-path N N � 1 N Y N N/A N allindexing
ode tree Y N 1 Y,N N N Y Y subsumptionHere NL means modulo nonlinearity, i.e., the retrieval is being done without any regard to variables that may be o

urmultiple times in the indexed terms or the query term. In other words, the �ltering performed would be perfe
t if all theindexed terms and the query term were linear.Table 1: Classi�
ation of term indexing te
hniques



Term Indexing 1953� The XSB system [Sagonas, Swift, Warren, Freire and Rao 1997℄ uses uni�
ationfa
toring des
ribed in [Dawson, Ramakrishnan, Skiena and Swift 1996℄.� The SICStus Prolog system [Int 2000℄ allows one to spe
ify the positions interms on whi
h indexing is to be performed.Experimental results show that uni�
ation fa
toring is a pra
ti
al te
hnique that
an a
hieve substantial speedups for logi
 programs, while requiring no 
hanges inthe WAM. The speedups observed may be even more substantial when uni�
ationfa
toring is applied to programs whi
h are themselves produ
ed by transformations.For instan
e, the HiLog transformation [Cheng, Kifer and Warren 1993℄ in
reasesthe de
larativeness of programs by allowing uni�
ation on predi
ate symbols. Ifimplemented naively, however, HiLog 
an 
ause a de
rease in eÆ
ien
y for 
lausea

ess. Experiments have shown that uni�
ation fa
toring 
an lead to speedups of3 to 4 on HiLog 
ode.17.2. Fun
tional programmingAdaptive indexing is essential for doing lazy evaluation based on Huet-Levy style[Huet and Levy 1991℄. Two systems that use su
h te
hniques are: Equals [Kaser,Pawagi, Ramakrishnan, Ramakrishnan and Sekar 1992, Kaser, Ramakrishnan, Ra-makrishnan and Sekar 1997℄ and Gaml [Maranget 1992℄. Some fun
tional languagessu
h as Haskell use a variation of standard and deterministi
 dis
rimination trees[Wadler 1987℄.17.3. Theorem proversIn this se
tion we overview the data stru
tures and indexing te
hniques used by themodern resolution-based theorem provers. The information about parti
ular proversis kindly provided10 by Hans de Nivelle, Thomas Hillenbrand, Bill M
Cune, RobertNieuwenhuis, Alexandre Riazanov, Stephan S
hulz, and Christoph Weidenba
h.17.3.1. BliksemBliksem uses imperfe
t substitution trees for forward subsumption and forwarddemodulation. For forward subsumption, only one term of ea
h 
lause is stored inthe tree.For ba
kward subsumption and demodulation Bliksem uses an interesting tri
k.Essentially, no spe
ial algorithms for ba
kward subsumption or demodulation areimplemented. But o

asionally all 
lauses are re
he
ked, as if they were just gener-ated, with the forward subsumption and demodulation 
he
ks.For uni�
ation no indexing is used.10In alphabeti
al order. The list of provers is also given in the alphabeti
al order.
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t dis
rimination trees with weight 
onstraints for forward subsumptionand forward demodulation. In addition, for forward demodulation age 
on-straints are used.11 For nonunit forward subsumption the use of dis
riminationtrees gives an imperfe
t indexing te
hnique, so for the nonunit 
ase E uses se-quential sear
h with various pre�lters (weight, 
lass, individual literal mat
hes).� For ba
kward demodulation E uses sequential sear
h on perfe
tly shared termstru
tures with redu
ibility markers and weight �ltering.12� For ba
kward subsumption sequential sear
h with pre�lters as above is used.Uni�
ation is also implemented using sequential sear
h, but the uni�
ationalgorithm is equation-solving optimized for early mismat
h dete
tion.17.3.3. FiestaUntil re
ently, for all indexing algorithms Fiesta substitution trees were used. Cur-rently, 
ontext trees are under implementation.17.3.4. Otter� Dis
rimination trees are used for forward subsumption and forward demodu-lation.� Path indexing is used for ba
kward subsumption, ba
kward demodulation, anduni�
ation.Multiliteral operations in Otter implement imperfe
t �ltering, sin
e the index
ontains literals, not 
lauses. However, the substitution 
omputed during indexingon the literal level is used to 
omplete the retrieval operation on the 
lause level.17.3.5. SpassSpass uses substitution trees for all indexing operations: forward subsumption anddemodulation, ba
kward subsumption and demodulation, and uni�
ation. For alloperations perfe
t �ltering is implemented and the retrieval operations deliver al-ways the binding representing the substitution. The binding 
an then be used,without being applied to any term, to e.g., to verify ordering restri
tions.17.3.6. Vampire� Partially adaptive 
ode trees for forward subsumption and forward demodula-tion. In the 
ase of forward demodulation, for nonoriented unit equalities theindex also 
ontains pre
ompiled ordering 
onstraints.11Experiments des
ribed in [Riazanov and Voronkov 2000b℄ have shown no gain of eÆ
ien
y ofthe use of weight 
onstraints for 
ode trees as implemented in Vampire.12This is only used to �nd 
lauses whi
h have to be eliminated from the set of pro
essed 
lauses(be
ause a term in a maximal or sele
ted literal 
an be rewritten in a way that makes repro-
essing ne
essary). Also note that during the sear
h, normal form dates of irredu
ible subtermsare updated, so that the age 
onstraints of the PDTs make interredu
tion and a
tual rewritingvery 
heap. Interredu
tion as well as the a
tual rewriting are then performed using the perfe
tdis
rimination trees.



Term Indexing 1955� Path indexing for ba
kward subsumption and ba
kward demodulation. Thealgorithm for retrieval uses optimization based on database joins and skip lists.� Perfe
tly shared terms for storing terms o

urring in kept 
lauses.� Flatterms for representing terms o

urring in temporary 
lauses.17.3.7. WaldmeisterFor uni�
ation, forward demodulation, and forward subsumption Waldmeisteremploys perfe
t dis
rimination trees with the pruning re�nement that every bran
hleading to only one leaf node is shrunk.At least in the unit equational 
ase, keeping the 
lauses in SOS permanentlynormalized does not pay o�.13 So Waldmeister spends most of its runtime in theforward operations, espe
ially in demodulation and subsumption; and ba
kwardsubsumption and demodulation are implemented by sequential sear
h.18. Con
lusionEÆ
ient indexing te
hniques have been developed for many retrieval operationsarising in logi
 and fun
tional programming, and theorem proving. In spite of this,important improvements of the existing indexing te
hniques are still possible andneeded, and other te
hniques for previously not 
onsidered retrieval 
onditions needto be developed.However, there are resear
h dire
tions in term indexing that need to be furtherinvestigated. In this se
tion we sket
h some possible resear
h dire
tions.18.1. Comparison of indexing te
hniquesUntil re
ently, it was diÆ
ult to 
ompare the pra
ti
al eÆ
ien
y of term index-ing methods in a uni�ed framework. Previous 
omparisons su�ered from two majorproblems. First, experimental results about performan
e of indexing te
hnique weredesigned in su
h a way so that it was impossible to 
ompare these results with adi�erent implementation. As a result, superiority of a parti
ular indexing te
hniquewas demonstrated by 
omparing a tightly 
oded implementation of this te
hniquewith nonoptimized experimental implementations of other te
hniques by the sameperson. Se
ond, ben
hmarks for 
omparison were often nonrepresentative, for ex-ample, randomly generated.A pra
ti
al 
omparison method COMPIT (a method for COMParing IndexingTe
hniques) was des
ribed in a re
ent paper by Nieuwenhuis et al. [2001℄. The ideaof this method is the following. First, ben
hmarks for the method 
an be generatedby running di�erent provers. The method used for 
reating su
h ben
hmarks for agiven prover is to add instru
tions making the prover write to a log �le a tra
e ea
htime an operation on the index takes pla
e, and then run it on the given problem.13Thomas Hillenbrand, private 
ommuni
ation.



1956 R. Sekar, I.V. Ramakrishnan, and A. VoronkovFor example, ea
h time a term t is inserted (deleted, uni�ed with), a tra
e like +t(resp. �t, ut) is written to the �le. Moreover, we require to store the tra
es alongwith information about the result of the operation (e.g., su

ess/failure), whi
hallows one to dete
t 
ases of in
orre
t behaviour of the indexing methods beingtested.The main part of the evaluation pro
ess is to test a given implementation ofindexing on su
h a ben
hmark �le. This given implementation is assumed to pro-vide operations for querying and updating the indexing data stru
ture, as well asa translation fun
tion for 
reating terms in its required format from the ben
h-mark format. In order to avoid overheads and inexa
t time measurements due totranslations and reading terms from the disk, the evaluation pro
ess �rst reads alarge blo
k of tra
es, storing them in main memory. After that, all terms read aretranslated into the required format. Then time measuring is swit
hed on, and aloop is started whi
h 
alls the 
orresponding sequen
e of operations, and time isturned o� before reading the next blo
k of tra
es from disk, and so on.The method was applied in Nieuwenhuis et al. [2001℄ to 
ompare the implemen-tations of 
ontent trees in Dedam [Ganzinger et al. 2001℄, partially adaptive 
odetrees in Vampire [Riazanov and Voronkov 2000b℄, and perfe
t dis
rimination treesin Waldmeister, for the retrieval of generalizations.Based on this experiments the library LIBERTI (LI rary of Ben
hmarks forEÆ
ient Retrieval and Term Indexing) was 
reated. When ben
hmarks for otherretrieval 
onditions are added to the library, we will have more empiri
al eviden
eabout the 
omparative eÆ
ien
y of various term indexing methods.18.2. Indexing in presen
e of 
onstraintsConstraints have two major uses in automated dedu
tion. Orderings 
onstraints areused for restri
ting the appli
ability of inferen
e rules and eliminating redundant
lauses, see [Ba
hmair and Ganzinger 2001, Nieuwenhuis and Rubio 2001℄ (Chap-ters 2 and 7 of this Handbook). Constraints are also used to present knowledgeabout built-in domains, for example integers or �nite domains, see [Bo
kmayr andWeispfenning 2001℄ (Chapter 12).When ordering 
onstraints are used, it is often the 
ase that after term retrievalan ordering 
onstraint should be 
he
ked; and when the 
onstraint is not satis�ed,the retrieval pro
ess 
ontinues. Che
king ordering 
onstraints may be expensive,so it is desirable to built-in 
onstraint 
he
king in the retrieval pro
ess. The �rststep towards building-in 
onstraint 
he
king was done in Vampire: when retrievalof instan
es is used to implement ba
kward demodulation, ordering 
onstraints are
ompiled. When retrieval is �nished, the 
ompiled 
onstraint is 
he
ked against thesubstitution that is 
omputed as the result of retrieval.18.3. Other retrieval 
onditionsThere are several important retrieval 
onditions not 
overed in this paper but im-portant enough for eÆ
ient implementation of theorem provers. Some examples
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onditions for multiliteral 
lauses, for example, forward and ba
k-ward subsumption, and simultaneous uni�
ation. Some results and te
hniquesappear in [Voronkov 1995℄ for forward subsumption and in [de Nivelle 1998℄ forsimultaneous uni�
ation.� Developing indexing methods for subterms. Bottom-up te
hniques for this prob-lem is reported in [Ho�mann and O'Donnel 1982℄. While some preliminarywork based on top-down traversal appears in [Ramesh and Ramakrishnan 1992,Ramesh et al. 1994℄ there is still a need for faster methods.BibliographyA��t-Ka
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eedings of the 4th International JointConferen
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e of Software Development (TAPSOFT)', Vol. 668 of Le
tureNotes in Computer S
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e, Springer Verlag, Orsay, Fran
e, pp. 61{74.Ba
hmair L., Chen T., Ramakrishnan I., Anantharaman S. and Chabin J. [1995℄, Exper-iments with asso
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ommutative dis
rimination nets, in C. Mellish, ed., `InternationalJoint Conferen
e on Arti�
ial Intelligen
e', Vol. 1, Montr�eal, pp. 348{355.Ba
hmair L. and Ganzinger H. [2001℄, Resolution theorem proving, in A. Robinson and A. Vo-ronkov, eds, `Handbook of Automated Reasoning', Vol. I, Elsevier S
ien
e, 
hapter 2, pp. 19{99.Benanav D., Kapur D. and Narendran P. [1987℄, `Complexity of mat
hing problems', Journalof Symboli
 Computation 3, 203{216.Bo
kmayr A. and Weispfenning V. [2001℄, Solving numeri
al 
onstraints, in A. Robinson andA. Voronkov, eds, `Handbook of Automated Reasoning', Vol. I, Elsevier S
ien
e, 
hapter 12,pp. 749{842.Chen T., Ramakrishnan I. and Ramesh R. [1992℄, Multistage indexing algorithms for speedingProlog exe
ution, in K. Apt, ed., `Pro
eedings of the Joint International Conferen
e andSymposium on Logi
 Programming (JICSLP-92)', MIT Press, pp. 639{653. Revised version[Chen et al. 1994℄.Chen T., Ramakrishnan I. V. and Ramesh R. [1994℄, `Multistage indexing algorithms forspeeding Prolog exe
ution', Software | Pra
ti
e and Experien
e 24(12), 1097{1119.Chen W. and Warren D. S. [1996℄, `Tabled evaluation with delaying for general logi
 programs',Journal of the ACM 43(1), 20{74.Cheng W., Kifer M. and Warren D. [1993℄, `HILOG: a foundation for higher-order logi
programming', Journal of Logi
 Programming 15(3), 187{230.Christian J. [1989℄, Fast Knuth-Bendix 
ompletion: A summary, in N. Dershowitz, ed., `Pro-
eedings of the 3rd International Conferen
e on Rewriting Te
hniques and Appli
ations', Vol.355 of Le
ture Notes in Computer S
ien
e, Springer Verlag, pp. 551{555.Christian J. [1993℄, `Flatterms, dis
rimination nets, and fast term rewriting', Journal of Auto-mated Reasoning 10(1), 95{113.Comer D. and Sethi R. [1976℄, Complexity of trie index 
onstru
tion (extended abstra
t),in `17th Annual Symposium on Foundations of Computer S
ien
e', IEEE, Houston, Texas,pp. 197{207.Dawson S., Ramakrishnan C. and Ramakrishnan I. [1995℄, Design and implementation ofjump tables for fast indexing of logi
 programs, in M. V. Hermenegildo and S. D. Swierstra,



1958 R. Sekar, I.V. Ramakrishnan, and A. Voronkoveds, `Programming Languages: Implementations, Logi
s and Programs, 7th International Sym-posium, PLILP'95', Vol. 982 of Le
ture Notes in Computer S
ien
e, Springer Verlag, Utre
ht,The Netherlands, pp. 133{150.Dawson S., Ramakrishnan C., Ramakrishnan I., Sagonas K., Skiena S., Swift T. andWarren D. [1995℄, Uni�
ation fa
toring for eÆ
ient exe
ution of logi
 programs, in `ACMSymposium on Prin
iples of Programming Languages', ACM Press, pp. 247{258.Dawson S., Ramakrishnan C., Skiena S. and Swift T. [1996℄, `Prin
iples and pra
ti
e of uni-�
ation fa
toring', ACM Transa
tions on Programming Languages and Systems 18(5), 528{563.de Nivelle H. [1998℄, `An algorithm for the retrieval of uni�ers from dis
rimination trees',Journal of Automated Reasoning 20(1/2), 5{25.de Nivelle H. [2000℄, Bliksem 1.10 User's Manual, MPI f�ur Informatik, Saarbr�u
ken.Dershowitz N. and Jouannaud J.-P. [1990℄, Rewrite systems, in J. Van Leeuwen, ed., `Hand-book of Theoreti
al Computer S
ien
e', Vol. B: Formal Methods and Semanti
s, North Hol-land, Amsterdam, 
hapter 6, pp. 243{309.Eker S. M. [1995℄, `Asso
iative-
ommutative mat
hing via bipartite graph mat
hing', ComputerJournal 38(5), 381{399.Ganzinger H., Nieuwenhuis R. and Nivela P. [2001℄, Context trees. Submitted to IJCAR.Gottlob G. and Leits
h A. [1987℄, `On the eÆ
ien
y of subsumption algorithms', Journal ofthe ACM 32(2), 280{295.Graf A. [1991℄, Left-to-right tree pattern mat
hing, in R. Book, ed., `RTA'91', Vol. 488 ofLe
ture Notes in Computer S
ien
e, Springer Verlag, pp. 323{334.Graf P. [1992℄, Path indexing for term retrieval, Te
hni
al Report MPI-I-92-237, Max-Plan
k-Institut f�ur Informatik, Saarbru
ken, Germany.Graf P. [1995℄, Substitution tree indexing, in J. Hsiang, ed., `Rewriting Te
hniques and Appli-
ations', Vol. 914 of Le
ture Notes in Computer S
ien
e, pp. 117{131.Graf P. [1996℄, Term Indexing, Vol. 1053 of Le
ture Notes in Computer S
ien
e, Springer Verlag.Greenbaum S. [1986℄, Input transformations and resolution implementation te
hniques fortheorem-proving in �rst-order logi
, PhD thesis, University of Illinois at Urbana-Champaign.Hens
hen L. and Naqvi S. [1981℄, An improved �lter for literal indexing in resolution systems,in `6th Int'l Joint Conferen
e on Arti�
al Intelligen
e (IJCAI)', pp. 528{529.Hewitt C. [1971℄, Des
ription and theoreti
al analysis of Planner: A language for proving the-orems and manipulating models in a robot, PhD thesis, Department of Mathemati
s, MIT.Hillenbrand T., Bu
h A., Vogt R. and L�o
hner B. [1997℄, `Waldmeister: High-performan
eequational dedu
tion', Journal of Automated Reasoning 18(2), 265{270.Hoffmann C. M. and O'Donnel M. J. [1982℄, `Pattern mat
hing in trees', Journal of the ACM29(1), 68{95.Huet G. and Levy J.-J. [1978℄, Computation in nonambiguous linear term rewriting systems,Te
hni
al Report 359, IRIA, Le Chesney, Fran
e. Revised version in [Huet and Levy 1991℄.Huet G. and Levy J.-J. [1991℄, Computation in orthogonal rewriting systems, I and II, in J.-L.Lassez and G. Plotkin, eds, `Computational Logi
. Essays in Honor of Alan Robinson.', MITPress, pp. 395{443. Earlier version appeared as [Huet and Levy 1978℄.Int [2000℄, Si
tus Prolog User's Manual. Release 3.8.4.Kaser O., Pawagi S., Ramakrishnan C., Ramakrishnan I. and Sekar R. [1992℄, Fast parallelimplementation of lazy languages | the EQUALS experien
e, in `1992 ACM Conferen
e onLisp and Fun
tional Programming', ACM Press, pp. 335{344.Kaser O., Ramakrishnan C., Ramakrishnan I. and Sekar R. [1997℄, `EQUALS | a parallelimplementation of a lazy language', Journal of Fun
tional Programming 7(2), 183{217.Kennaway J. [1990℄, The spe
i�
ity rule for lazy pattern mat
hing in ambiguous term rewritingsystems, in N. Jones, ed., `ESOP'90, 3rd European Symposium on Programming', Vol. 432 ofLe
ture Notes in Computer S
ien
e, Springer Verlag, Copenhagen, Denmark, pp. 256{270.



Term Indexing 1959Knuth D., Morris J. and Pratt V. [1977℄, `Fast pattern mat
hing in strings', SIAM Journalof Computing 6(2), 323{350.Kounalis E. and Lugiez D. [1991℄, Compilation of pattern mat
hing with asso
iative-
ommutative fun
tions, in S. Abramsky and T. Maibaum, eds, `Pro
eedings of the Inter-national Joint Conferen
e on Theory and Pra
ti
e of Software Development, volume 1: Col-loquium on Trees in Algebra and Programming', number 493 in `Le
ture Notes in ComputerS
ien
e', Springer Verlag, Brighton, U.K., pp. 57{73.Laville A. [1987℄, Lazy pattern mat
hing in the ML language, in K. Nori, ed., `Foundations ofSoftware Te
hnology and Theoreti
al Computer S
ien
e, 7th Conferen
e', Vol. 287 of Le
tureNotes in Computer S
ien
e, Springer Verlag, Pune, India, pp. 400{419.Laville A. [1988℄, Implementation of lazy pattern mat
hing algorithms, in `Pro
eedings of theEuropean Symposium on Programming', Vol. 300 of Le
ture Notes in Computer S
ien
e,Springer Verlag, pp. 298{316.Letz R., S
humann J., Bayerl S. and Bibel W. [1992℄, `SETHEO: A high-performan
e theo-rem prover', Journal of Automated Reasoning 8(2), 183{212.Lugiez D. and Moysset J. [1993℄, Complement problems and tree automata in AC-like theo-ries, in P. Enjalbert, A. Finkel and K. W. Wagner, eds, `Pro
eedings of the Symposium onTheoreti
al Aspe
ts of Computer S
ien
e (STACS'93)', Vol. 665 of Le
ture Notes in ComputerS
ien
e, Springer Verlag, pp. 515{524.Lusk E. [1992℄, Controlling redundan
y in large sear
h spa
es: Argonne-style theorem provingthrough the years, in A. Voronkov, ed., `Logi
 Programming and Automated Reasoning. In-ternational Conferen
e LPAR'92.', Vol. 624 of Le
ture Notes in AI, St.Petersburg, Russia,pp. 96{106.Maranget L. [1992℄, Compiling lazy pattern mat
hing, in `ACM Conferen
e on Lisp and Fun
-tional Programming', pp. 21{31.M
Cune W. [1992℄, `Experiments with dis
rimination-tree indexing and path indexing for termretrieval', Journal of Automated Reasoning 9(2), 147{167.M
Cune W. [1994a℄, OTTER 3.0 referen
e manual and guide, Te
hni
al Report ANL-94/6,Argonne National Laboratory/IL, USA.M
Cune W. [1994b℄, OTTER 3.0 referen
e manual and guide, Te
hni
al Report ANL-94/6,Argonne National Laboratory.M
Cune W. and Wos L. [1997℄, `Otter|the CADE-13 
ompetition in
arnations', Journal ofAutomated Reasoning 18(2), 211{220.Moser M., Ibens O., Letz R., Steinba
h J., Goller C., S
humann J. and Mayr K.[1997℄, `SETHEO and E-SETHEO|the CADE-13 systems', Journal of Automated Reasoning18, 237{246.Nelson G. and Oppen D. [1980℄, `Fast de
ision pro
edures based on 
ongruen
e 
losure', Journalof the ACM 27(2), 356{364.Ni
olaita D. [1992℄, An indexing s
heme for AC-equational theories, Te
hni
al report, Resear
hInstitute for Infomati
s, Bu
harest, Romania.Nieuwenhuis R., Hillenbrand T., Riazanov A. and Voronkov A. [2001℄, Let's COMPIT: amethod for COMParing Indexing Te
hniques in theorem provers, Preprint CSPP-11, Depart-ment of Computer S
ien
e, University of Man
hester.URL: http://www.
s.man.a
.uk/preprints/index.htmlNieuwenhuis R., Rivero J. and Vallejo M. [1997℄, `The Bar
elona prover', Journal of Auto-mated Reasoning 18(2), 171{176.Nieuwenhuis R. and Rubio A. [2001℄, Paramodulation-based theorem proving, in A. Robinsonand A. Voronkov, eds, `Handbook of Automated Reasoning', Vol. I, Elsevier S
ien
e, 
hapter 7,pp. 371{443.Ohlba
h H. [1990℄, Abstra
tion tree indexing for terms, in `Pro
eedings of the 9th EuropeanConferen
e on Arti�
ial Intelligen
e', Pitman Publishing, London, pp. 479{484.



1960 R. Sekar, I.V. Ramakrishnan, and A. VoronkovPuel L. [1990℄, Compiling pattern mat
hing by term de
omposition, in `ACM Conferen
e onLisp and Fun
tional Programming', pp. 273{281.Ramakrishnan R. [1991℄, `Magi
 templates: A spellbinding approa
h to logi
 programs', Journalof Logi
 Programming 11(3 & 4), 189{216.Ramamohanarao K. and Shepherd J. [1986℄, A superimposed 
odewords indexing s
hemefor very large Prolog databases, in E. Shapiro, ed., `Pro
eedings of the Third InternationalConferen
e on Logi
 Programming', Vol. 225 of Le
ture Notes in Computer S
ien
e, SpringerVerlag, London, pp. 569{576.Ramesh R., Ramakrishnan I. and Sekar R. [1994℄, Automata-driven eÆ
ient subterm uni�
a-tion, in P. S. Thiagarajan, ed., `Foundations of Software Te
hnology and Theoreti
al ComputerS
ien
e, 14th Conferen
e', Vol. 880 of Le
ture Notes in Computer S
ien
e, Springer Verlag,Madras, India, pp. 288{299.Ramesh R. and Ramakrishnan I. V. [1992℄, `Nonlinear pattern mat
hing in trees', JACM39(2), 295{316.Ramesh R., Ramakrishnan I. and Warren D. [1990℄, Automata-driven indexing of Prolog
lauses, in `Seventh Annual ACM Symposium on Prin
iples of Programming Languages', SanFran
is
o, pp. 281{290. Revised version [Ramesh, Ramakrishnan and Warren 1995℄.Ramesh R., Ramakrishnan I. and Warren D. [1995℄, `Automata-driven indexing of Prolog
lauses', Journal of Logi
 Programming 23(2), 151{202.Rao P., Ramakrishnan C. and Ramakrishnan I. [1996℄, A thread in time saves tabling time,in M. Maher, ed., `Pro
eedings of the 1996 Joint International Conferen
e and Symposium onLogi
 Programming', MIT Press, pp. 112{126.Riazanov A. and Voronkov A. [1999℄, Vampire, in H. Ganzinger, ed., `Automated Dedu
tion|CADE-16. 16th International Conferen
e on Automated Dedu
tion', Vol. 1632 of Le
tureNotes in AI, Trento, Italy, pp. 292{296.Riazanov A. and Voronkov A. [2000a℄, Limited resour
e strategy in resolution theorem prov-ing, Preprint CSPP-7, Department of Computer S
ien
e, University of Man
hester.URL: http://www.
s.man.a
.uk/preprints/index.htmlRiazanov A. and Voronkov A. [2000b℄, Partially adaptive 
ode trees, in M. Ojeda-A
iego,I. de Guzm�an, G. Brewka and L. Pereira, eds, `Logi
s in Arti�
ial Intelligen
e. EuropeanWorkshop, JELIA 2000', Vol. 1919 of Le
ture Notes in AI, Springer Verlag, M�alaga, Spain,pp. 209{223.Riazanov A. and Voronkov A. [2001a℄, An eÆ
ient algorithm for ba
kward subsumption usingpath indexing and database joins, Preprint, Department of Computer S
ien
e, University ofMan
hester. To appear.URL: http://www.
s.man.a
.uk/preprints/index.htmlRiazanov A. and Voronkov A. [2001b℄, Splitting without ba
ktra
king, Preprint CSPP-10,Department of Computer S
ien
e, University of Man
hester.URL: http://www.
s.man.a
.uk/preprints/index.htmlRivero J. [2000℄, Data Stru
tures and Algorithms for Automated Dedu
tion with Equality, Phdthesis, Universitat Polit�e
ni
a de Catalunya, Bar
elona.Sagonas K., Swift T., Warren D., Freire J. and Rao P. [1997℄, The XSB programmer'smanual: version 1.7, Te
hni
al report, SUNY at Stony Brook.S
hulz S. [1999℄, System abstra
t: E 0.3, in H. Ganzinger, ed., `Automated Dedu
tion|CADE-16. 16th International Conferen
e on Automated Dedu
tion', Le
ture Notes in AI, Trento,Italy, pp. 297{301.Sekar R. C., Ramesh R. and Ramakrishnan I. V. [1995℄, `Adaptive pattern mat
hing', SIAMJournal on Computing 24(6), 1207{1234.Sekar R., Ramesh R. and Ramakrishnan I. [1992℄, Adaptive pattern mat
hing, in W. Kui
h,ed., `Pro
eedings of the 19th International Colloquium on Automata, Languages and Pro-gramming', number 623 in `Le
ture Notes in Computer S
ien
e', Springer Verlag, Vienna,pp. 247{260. Revised version [Sekar et al. 1995℄.



Term Indexing 1961So
her R. [1989℄, A subsumption algorithm based on 
hara
teristi
 matri
es, in N. Dershowitz,ed., `Rewriting Te
hniques and Appli
ations, 3rd International Conferen
e, RTA-89', Vol. 355of Le
ture Notes in Computer S
ien
e, Springer Verlag, Chapel Hill, North Carolina, USA,pp. 573{581.Sti
kel M. [1988℄, `A PROLOG te
hnology theorem prover: Implementation by an extendedProlog 
ompiler', Journal of Automated Reasoning 4, 353{380.Sti
kel M. E. [1989℄, The path-indexing method for indexing terms, Te
hni
al Report 473, SRIInternational, Menlo Park, California, USA.Sti
kel M., Waldinger R. and Chaudhry V. [2000℄, A Guide to SNARK, SRI International.URL: www.ai.sri.
om/hpkb/snark/tutorialSti
kel M., Waldinger R., Lowry R., Pressburger T. and Underwood I. [1994℄, Dedu
tive
omposition of astronomi
al software from subroutine libraries, in A. Bundy, ed., `AutomatedDedu
tion | CADE-12. 12th International Conferen
e on Automated Dedu
tion', Vol. 814of Le
ture Notes in AI, Nan
y, Fran
e, pp. 341{355.Sut
liffe G. and Suttner C. [1998℄, `The TPTP problem library | CNF release v. 1.2.1',Journal of Automated Reasoning 21(2).Tammet T. [1997℄, `Gandalf', Journal of Automated Reasoning 18(2), 199{204.Verma R. M. and Ramakrishnan I. [1992℄, `Tight 
omplexity bounds for term mat
hing prob-lems', Information and Computation 101(1), 33{69.Voronkov A. [1994℄, An implementation te
hnique for a 
lass of bottom-up pro
edures, inM. Hermenegildo and J. Penjam, eds, `Programming Languages Implementation and Logi
Programming. 6th International Symposium, PLILP'94', Vol. 844 of Le
ture Notes in Com-puter S
ien
e, Madrid, pp. 147{164.Voronkov A. [1995℄, `The anatomy of Vampire: Implementing bottom-up pro
edures with 
odetrees', Journal of Automated Reasoning 15(2), 237{265.Wadler P. [1987℄, EÆ
ient 
ompilation of pattern mat
hing, in S. P. Jones, ed., `The Imple-mentation of Fun
tional Programming Languages', Prenti
e Hall, 
hapter 5.Weidenba
h C. [2001℄, Combining superposition, sorts and splitting, in A. Robinson and A. Vo-ronkov, eds, `Handbook of Automated Reasoning', Vol. II, Elsevier S
ien
e, 
hapter 27,pp. 1965{2013.Weidenba
h C., Gaede B. and Ro
k G. [1996℄, Spass & 
otter version 0.42, in M. M
Rob-bie and J. Slaney, eds, `Automated Dedu
tion | CADE-13', Vol. 1104 of Le
ture Notes inComputer S
ien
e, New Brunswi
k, NJ, USA, pp. 141{145.Wise M. and Powers D. [1984℄, Indexing Prolog 
lauses via superimposed 
odewords and�eld en
oded words, in `Pro
eedings of the International Symposium on Logi
 Programming',Computer So
iety Press, pp. 203{210.Wos L. [1992℄, `Note on M
Cune's arti
le on dis
rimination trees', Journal of Automated Rea-soning 9(2), 145{146.



1962 R. Sekar, I.V. Ramakrishnan, and A. VoronkovIndexSymbols� | wild
ard variable . . . . . . . . . . . . . . 1859< . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1885=AC . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1939? | wild
ard term . . . . . . . . . . . . . . . . . 1860� | the empty string . . . . . . . . . . . . . . 1860� | alphabet . . . . . . . . . . . . . . . . . . . . . . 1859fx1 7! t1; : : : ; xn 7! tng . . . . . . . . . . . . .1860t | 
attened form of t . . . . . . . . . . . . . 1939� | inverse of � . . . . . . . . . . . . . . . . . . .1860B� . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .1910L | the set of indexed terms . . . . . . .1856L-mat
h . . . . . . . . . . . . . . . . . . . . . . . . . . . .1893Lu . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1893V | the set of variables . . . . . . . . . . . . 1859j t j | size of t . . . . . . . . . . . . . . . . . . . . . 1909�=� . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .1920l̂ | top-layer of l . . . . . . . . . . . . . . . . . . .1939i-th variable position . . . . . . . . . . . . . . . 1910t=p | subterm of t at position p . . . .1860t[s℄p | term obtained from t by repla
ingt=p by s . . . . . . . . . . . . . . . . . 1860t� | term obtained from t by applying sub-stitution � . . . . . . . . . . . . . . .1860u � t | u is an instan
e of t . . . . . . . 1860AAC-dis
rimination tree . . . . . . . . . . . . . 1940AC-generalization . . . . . . . . . . . . . . . . . . 1939AC-instan
e . . . . . . . . . . . . . . . . . . . . . . . .1939AC-mat
hing . . . . . . . . . . . . . . . . . . . . . . .1939aftert . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1885aggressive sharing . . . . . . . . . . . . . . . . . . 1867alphabet . . . . . . . . . . . . . . . . . . . . . . . . . . . .1859arity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .1859arity(s) . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1859array . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .1869attribute-based indexing . . . . . . . . . . . .1857automata-like representation of index 1869automatonba
ktra
king . . . . . . . . . . . . . . . . . . . .1943nonsequential . . . . . . . . . . . . . . . . . . .1925sequential . . . . . . . . . . . . . . . . . . . . . . 1925string-mat
hing . . . . . . . . . . . . . . . . . 1869Bba
ktra
king automaton . . . . . . . . . . . . 1943ba
kward subsumption . . . . . . . . . . . . . 1929Bliksem . . . . . . . . . . . . . . . . . . . . . . 1855, 1953

C
anoni
al . . . . . . . . . . . . . . . . . . . . . . . . . . .1910
hara
teristi
 set of p-strings . . . . . . . 1872
hara
teristi
 term . . . . . . . . . . . . . . . . . .1871
lause . . . . . . . . . . . . . . . . . . . . . . . . 1862, 1927
ode for l . . . . . . . . . . . . . . . . . . . . . . . . . . .1913
ode sequen
e . . . . . . . . . . . . . . . . . . . . . . 1914
ode tree . . . . . . . . . . . . . . . . . . . . . 1870, 1914partially adaptive . . . . . . . .1909, 1916
ode trees . . . . . . . . . . . . . . . . . . . . . . . . . . 1908
ompare 
ode . . . . . . . . . . . . . . . . . . . . . . .1914
ompatiblestring . . . . . . . . . . . . . . . . . . . . . . . . . . 1872term . . . . . . . . . . . . . . . . . . . . . . . . . . . .1856COMPIT . . . . . . . . . . . . . . . . . . . . . . . . . . .1955
ompletion pro
edures . . . . . . . . . . . . . . .1865
omputation sequen
e . . . . . . . . . . . . . . 1910
onstru
tion of index . . . . . . . . . . . . . . . 1863
onstru
tor-based . . . . . . . . . . . . . . . . . . .1898
ontext tree . . . . . . . . . . . . . . . . . . . . . . . . 1922
t(S) | 
hara
teristi
 term of S . . . .1872DDAG . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1866dedu
tive databases . . . . . . . . . . . . . . . . . 1862depth-limiting . . . . . . . . . . . . . . . . . . . . . . 1890deterministi
 dis
rimination tree . . . .1890dire
ted a
y
li
 graph . . . . . . . . . . . . . . 1866dis
rimination tree . . . . . . . . . . . . . . . . . 1883AC- . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1940deterministi
 . . . . . . . . . . . . . . . . . . . 1890perfe
t . . . . . . . . . . . . . . . . . . . . . . . . . 1889EEC . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1932Et . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1910E . . . . . . . . . . . . . . . . . . . . . . . . . . . . .1855, 1954embedded variables . . . . . . . . . . . . . . . . .1886end position . . . . . . . . . . . . . . . . . . . . . . . . 1885equality 
onstraints . . . . . . . . . . . . . . . . .1937equational theory . . . . . . . . . . . . . . . . . . . 1864Ffailure link . . . . . . . . . . . . . . . . . . . . . . . . . 1944Fiesta . . . . . . . . . . . . . . . . . . . . . . . 1855, 1954�lteringimperfe
t . . . . . . . . . . . . . . . . . . . . . . .1856perfe
t . . . . . . . . . . . . . . . . . . . . . . . . . 1856�rst-order terms . . . . . . . . . . . . . . . . . . . . .1857
attened term . . . . . . . . . . . . . . . . . . . . . . 1939



Term Indexing 1963
atterm . . . . . . . . . . . . . . . . . . . . . . 1867, 1909forward demodulation . . . . . . . . . . . . . . 1909forward subsumption . . . . . . . . . . . . . . . 1929frame . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .1910fringe . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .1860fun
tion symbol . . . . . . . . . . . . . . . . . . . . 1859fun
tion symbol based indexing . . . . .1858fun
tional programming . . . . . . . . . . . . . 1862GGandalf . . . . . . . . . . . . . . . . . . . . . .1855, 1861gen(l; t) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1863ground term . . . . . . . . . . . . . . . . . . . . . . . .1859Hhash table . . . . . . . . . . . . . . . . . . . . . . . . . . .1870hashed 
ons . . . . . . . . . . . . . . . . . . . . . . . . . 1867Iimperfe
t �ltering . . . . . . . . . . . . . . . . . . 1856index . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .1863index 
onstru
tion . . . . . . . . . . . . . . . . . .1863index maintenan
e . . . . . . . . . . . . . . . . . .1864index position . . . . . . . . . . . . . . . . . . . . . . 1898indexed terms . . . . . . . . . . . . . . . . . . . . . . 1856indexing . . . . . . . . . . . . . . . . . . . . . . . . . . . .1857attribute-based . . . . . . . . . . . . . . . . . 1857symbol based . . . . . . . . . . . . . . . . . . .1858inst(l; t) . . . . . . . . . . . . . . . . . . . . . . . . . . . . .1863instan
e . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1860Jjump list . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1885jump table . . . . . . . . . . . . . . . . . . . . . . . . . . 1870LLu . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1893L-mat
h . . . . . . . . . . . . . . . . . . . . . . . . . . . .1893labeled instru
tion . . . . . . . . . . . . . . . . . .1913LIBERTI . . . . . . . . . . . . . . . . . . . . . . . . . . .1956linear substitution tree . . . . . . . . . . . . . 1919linked list . . . . . . . . . . . . . . . . . . . . . . . . . . . 1870logi
 programming . . . . . . . . . . . . . . . . . . 1862Mmaintenan
e of index . . . . . . . . . . . . . . . 1864many-to-many indexing . . . . . . . . . . . . .1865mat
h set . . . . . . . . . . . . . . . . . . . . . . . . . . .1893mat
hing pretest . . . . . . . . . . . . . . . . . . . 1857minimal frame . . . . . . . . . . . . . . . . . . . . . .1910mode analysis . . . . . . . . . . . . . . . . . . . . . . . 1862most spe
i�
 linear 
ommongeneralization . . . . . . . . . . . .1919msl
g . . . . . . . . . . . . . . . . . . . . . . . .1919, 1920

multiliteral 
lauses . . . . . . . . . . . . . . . . . .1927multiliteral subsumption . . . . . . . . . . . .1929multiterm indexing . . . . . . . . . . . . . . . . . . 1865Nnextt . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .1885nonlinear terms . . . . . . . . . . . . . . . . . . . . .1864nonsequential automaton . . . . . . . . . . . 1925norm(C) . . . . . . . . . . . . . . . . . . . . . . . . . . . 1932norm(l) . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1910normal form . . . . . . . . . . . . . . . . . . . . . . . . .1862normalized form . . . . . . . . . . . . . . . . . . . .1910normalized variables . . . . . . . . . . . . . . . .1889Oo

urren
e . . . . . . . . . . . . . . . . . . . . . . . . . .1860one-at-a-time retrieval mode . . . . . . . .1865Otter . . . . . . . . . . . . . . . . . .1855, 1861, 1954outline indexing . . . . . . . . . . . . . . . . . . . . 1857PP | the set of all positions . . . . . . . . .1860P(t) | all positions in t . . . . . . . . . . . .1860Pf (t) | all nonvariable positions in t 1860Pv(t) | fringe of t . . . . . . . . . . . . . . . . . 1860P+(t) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1885p-string . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1871paramodulation-based theorem proving 1865part(C; �) . . . . . . . . . . . . . . . . . . . . . . . . . . .1926partially adaptive 
ode tree . . . . . . . . .1909partially adaptive 
ode trees . . . . . . . .1916partition . . . . . . . . . . . . . . . . . . . . . . . . . . . 1926path . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1860path indexing . . . . . . . . . . . . . . . . . . . . . . 1875path string . . . . . . . . . . . . . . . . . . . . . . . . . 1875perfe
t dis
rimination tree . . . . . . . . . .1889perfe
t �ltering . . . . . . . . . . . . . . . . . . . . .1856perfe
t sharing . . . . . . . . . . . . . . . . . . . . . 1867posi(l) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .1909position . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1860end . . . . . . . . . . . . . . . . . . . . . . . . . . . . .1885in 
lause . . . . . . . . . . . . . . . . . . . . . . . .1931proper . . . . . . . . . . . . . . . . . . . . . . . . . .1885position in term . . . . . . . . . . . . . . . . . . . . 1860position string . . . . . . . . . . . . . . . . . . . . . .1871pre�x . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .1860preorder traversal . . . . . . . . . . . . . . . . . . .1867priorities . . . . . . . . . . . . . . . . . . . . . . . . . . . 1865priority(l) . . . . . . . . . . . . . . . . . . . . . . . . . .1891Prolog terms . . . . . . . . . . . . . . . . . . . . . . . 1868proper position . . . . . . . . . . . . . . . . . . . . . 1885proversaturation-based . . . . . . . . . . . . . . . .1861tableau-based . . . . . . . . . . . . . . . . . . .1861



1964 R. Sekar, I.V. Ramakrishnan, and A. VoronkovQquery term . . . . . . . . . . . . . . . . . . . . . . . . . 1856query tree . . . . . . . . . . . . . . . . . . . . . . . . . . 1882RR-
ompatible . . . . . . . . . . . . . . . . . . . . . . .1856representative set . . . . . . . . . . . . . . . . . . .1896retrieval 
ondition . . . . . . . . . . . 1856, 1857retrieval mode . . . . . . . . . . . . . . . . . . . . . .1857root(t) | the top symbol t . . . . . . . . . 1860SSt | 
hara
teristi
 set for term t . . .1873SL | 
hara
teristi
 set for set L . . . 1873saturation-based prover . . . . . . . . . . . . .1861sequential automaton . . . . . . . . . . . . . . .1925Setheo . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1855sharingaggressive . . . . . . . . . . . . . . . . . . . . . . 1867perfe
t . . . . . . . . . . . . . . . . . . . . . . . . . 1867sharing of subterms . . . . . . . . . . . . . . . . . 1866simpli�
ation rules . . . . . . . . . . . . . . . . . . 1861simultaneous uni�
ation . . . . . . . . . . . . 1927size of term . . . . . . . . . . . . . . . . . . . . . . . . .1909Snark . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1855Spass . . . . . . . . . . . . . . . . . . .1855, 1861, 1954string mat
hing based indexing . . . . . 1870string-mat
hing automata . . . . . . . . . . . 1869substitution . . . . . . . . . . . . . . . . . . . . . . . . 1860substitution tree . . . . . . . . . . . . . . . . . . . .1917linear . . . . . . . . . . . . . . . . . . . . . . . . . . .1919weighted . . . . . . . . . . . . . . . . . . . . . . . 1922subsumption . . . . . . . . . . . . . . . . . . . . . . . .1929ba
kward . . . . . . . . . . . . . . . . . . . . . . .1929forward . . . . . . . . . . . . . . . . . . . . . . . . .1929subterm at a position . . . . . . . . . . . . . . .1860subterm-based retrieval 
ondition . . .1865superimposed 
odewords . . . . . . . . . . . .1858symbol-based indexing . . . . . . . . . . . . . .1858Ttableau-based prover . . . . . . . . . . . . . . . .1861tabled logi
 programming . . . . . . . . . . . 1862term . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .1859ground . . . . . . . . . . . . . . . . . . . . . . . . . 1859nonlinear . . . . . . . . . . . . . . . . . . . . . . .1864query . . . . . . . . . . . . . . . . . . . . . . . . . . .1856term rewriting . . . . . . . . . . . . . . . . . . . . . . 1862top symbol . . . . . . . . . . . . . . . . . . . . . . . . . 1860top-layer . . . . . . . . . . . . . . . . . . . . . . . . . . . 1939traversal 
ode . . . . . . . . . . . . . . . . . . . . . . 1914Uunif (l; t) . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1863

uni�able . . . . . . . . . . . . . . . . . . . . . . . . . . . .1860preorder strings . . . . . . . . . . . . . . . . 1901uni�
ationsimultaneous . . . . . . . . . . . . . . . . . . . 1927unit 
lause . . . . . . . . . . . . . . . . . . . . . . . . . 1927VVampire . . . . . . . . . . . . . . . .1855, 1861, 1954var(l; t) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1863variable bank . . . . . . . . . . . . . . . . .1869, 1938variable equivalen
e relation . . . . . . . . 1910variable position . . . . . . . . . . . . . . . . . . . .1910vpi(l) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .1910WWaldmeister . . . . . . . . . . 1855, 1861, 1955weighted substitution tree . . . . . . . . . . 1922


